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Cerenkov radiation is extensively used in particle detectors, particle counters, particle 
accelerator, and generation of electromagnetic radiation at frequencies up to terahertz (THz) 
range. A dielectric is widely used as a supporting medium to obtain Cerenkov radiation from 
a beam of convection electrons (moving electron bunch). However, selection of a suitable 
material for this purpose is limited due to its thermal issues, electron beam energy threshold, 
and dielectric breakdown at high RF fields. A metallic metamaterial, a periodic cut-through 
slit perforated on a metal film, shows a positive dielectric response, which could be a 
promising alternative to dielectrics for generation of Cerenkov radiation. 
The work in this thesis is motivated to analyze the response of the metallic metamaterial 
when it is in close proximity of a moving electron bunch. Theoretical study, carried out here, 
reveals that Cerenkov-like radiation is generated inside the metamaterial if a convection 
electron bunch is present near to its surface. It has also been found that the characteristics of 
the radiation, corresponding to the parameters such as the radiation angle and the electron 
energy threshold, inside a metallic metamaterial, are similar to those of an anisotropic 
dielectric. However, the finite thickness of the metamaterial slab enforces the generated 
Cerenkov-like radiation to be resonantly excited in the structure at the frequencies where the 
guided-mode and the beam-mode phase velocities are synchronous. The edge coupling of 
radiation, as in an ordinary dielectric, is not applicable to metallic metamaterial due to “almost” 
zero group velocity of radiation in axial direction. 
A study on “metallic metamaterial slab-symmetric wakefield accelerator” has also been 
done and it has been observed that the amplitude of the longitudinal wake potential is higher 
than that of a dielectric slab-symmetric structure. Also, it has been observed that the transverse 
wake potential is lower in case of the metamaterial slab-symmetric structure than that of the 
dielectric slab-symmetric structure. Moreover, due to all-metal structure, the metallic 
metamaterial structure has several advantages over the dielectric as the former has better heat 
dissipation capability and lower probability to static charge accumulation on the surface. 
Hence, the proposed metamaterial slab-symmetric structure is a better choice than dielectric 






Furthermore, in order to out coupling of the Cerenkov-like radiation generated in such a 
metamaterial slab via the so-called “Brillouin-Zone folding”, a method that would result in the 
surface coupling of radiation in contrast to the ordinary edge coupling has been proposed. In 
the proposed method, an additional periodicity is introduced which resulted into some of the 
guided modes supported by the metamaterial slab to become folded, when viewed in the 
structure dispersion diagram. It was also found theoretically that the intensity of the surface-
coupled radiation by this mechanism exhibits an order of a magnitude enhancement compared 
to that of an ordinary Smith-Purcell radiation. 
 
Keywords: (6단어이내):  Cerenkov-like radiation, metallic metamaterial, Brillouin-zone 
folding, Wakefield accelerator. 
 
 






Abstract………………………………………………………………………... . . . .I 
List  of  f igures …..…………………………………………………………… ….V 
List  of  Tables……..……………………… . . . .…………………………………XI 
List of  symbols………………………………………………………………….XII 
 
Chapter 1:   Introduction……..… . . .………………...…. .… . . . . . . . . . . . . . . . . . . . . . . .1 
 
1.1  Cerenkov Radiation………………………………...……………....………………...2 
1.2  Issues in Cerenkov Radiation………………………...………………..........................5 
1.3  Motivation and Goal...………………….......................................................................7 
1.4  Organization of the Thesis…………………………………………..............................8 
 
Chapter 2:  Metamaterial: A Brief Review………………………….…...…….10 
 
2.1  Introduction………………………………………………………...….………...…….11 
2.2  Electric and Magnetic Responses of Metamaterial……………….………….…...…...13 
2.2.1 Electric Response…………………………………...….……...….…....…...13 
2.2.2 Magnetic Response…………………………………………………………14 
2.3  Negative Refractive Index Material……………………………………………....…..15 
2.4  Positive Refractive Index Material………………………...…………………….........18 
2.5  Selection of Metamaterial For Interaction With Electron Beam………………….…....19 
 
Chapter 3:  Metallic Metamaterial…………..…………………….……..…….……22 
 
3.1  Introduction…………………………………………………...……………………….23 
3.2  Dispersion Relation…………………………………………………………………..24 
3.3  Graphical Mode Solution of Dispersion Relation……………………….…………..28 
3.4  Numerical Simulation of Dispersion Relation……………………….……..….……...30 
3.5  Dispersion Relation of Metallic Metamaterial With Finite Transverse Width…….32 
3.6  Numerical Simulation of Dispersion Relation of Metallic Metamaterial With  





3.7  Anisotropic Dielectric Behavior of Metallic Metamaterial ………..………..................36 
3.8  Effect of Introduction of Side-Wall Boundaries in Metallic Metamaterial………...…...41 
 
Chapter 4:  Cerenkov-like Radiation in Metallic Metamaterial…….…………...47 
 
4.1  Introduction ……………………………………………………………………………48 
4.2  Response of Metallic Metamaterial to Convection Electron...........................................49 
4.3  Potential Use of Metamaterial in a Wakefield Accelarator…………..………………...58 
4.3.1 Introduction…………………………………………...........................58 
4.3.2 Metallic Metamaterial Wakefield Accelerator........................................59 
 
Chapter 5:  Out-Coupling of Cerenkov-like Radiation via Brillouin-Zone folding …...64 
 
5.1  Introduction ……………………………………………………………………………65 
5.2  Brillouin-Zone Folding Mechanism………………………………………...……......66 
5.3  Brillouin-Zone Folding of Metallic Metamaterial………………………………….…68 
5.4  Out-coupling of Cerenkov-like Radiation via Brillouin-Zone Folding………….....…72 
5.5  Metallic Metamaterial as an Interaction Structure of a High-Frequency    
Electromagnetic Wave Generator…………………….…..…………...….………………...…......80 
 
Chapter 6  Conclusion and Future Work .…………………………… . .… . .84 
 
6.1  Introduction…………………………………………………….…………..……..…...85 
6.2  Summary of the Thesis……….…………………………………….………......….....85 









List Figures  
v 
 
List of Figures 
Figure 1.1.1: Schematic diagram of Cerenkov radiation: particle moving with velocity c 
and radiated wave-front moving with velocity c/n inside the medium at an 
angle  with respect to the particle..............................................................2  
Figure 1.1.2: Cerenkov radiation in, (a) right handed material (emitting particle and 
energy of emitted radiation move in same direction), (b) left -handed 
medium (emitting particle and emitted radiation move in opposite 
direction)…………………………………………………………………..5  
Figure 1.2.1: Cross-sectional view of beam-driven cylindrical dielectric-lined waveguide 
(color map illustrates longitudinal wakefield)……………………….…….6 
Figure 2.1.1:  Classification of materials based on their dielectric and magnetic properties. 
The wavy lines represent propagating waves, and the axes set in quadrants 
1 and 3 show the right and left-handed nature of E, H and k vectors. The 
waves in quadrants 2 and 4 decay evanescently inside the materials, which 
is depicted schematically. S is the Poynting vector……………………….12 
 
Figure 2.2.1:  Schematic view of periodic wires (with radius r) arranged in a simple cubic 
lattice (with lattice constant d)……………………………………………14 
 
Figure 2.2.2:  Schematic view of split ring resonators, with outer radius r and s is the 
separation between the two rings. A magnetic field penetrating the resonator 
induces a current (𝑗) and a magnetic moment (?⃗⃗⃗?)………………….……..15 
 
Figure 2.3.1:  Negative index metamaterial formed by three-dimensional array of SRRs 
and wires……………………………………………………………….....16 
 
Figure 2.3.2:  Schematic view of fishnet structure of negative index material in the visible 
region (yellow light) consisting of a dielectric layer (green color) between 
two metal layers (gray color)…………………………………..…………16  
 
Figure 2.3.3:  Pendry model of perfect lens, made from negative index flat slab material 
focusing all the light rays from a point source and amplifying to evanescent 
waves………………………………………………………………….….18  
 
Figure 2.4.1:  Unit cell structure of the high-index metamaterial where a thin ‘I’-shaped 
metallic patch is symmetrically embedded in a dielectric material (E, H and 
k denote the electric field, magnetic field and propagation direction of the 
incident terahertz wave)…………………………………………….…….19  
 
Figure 2.5.1:  SRR (dark gray ring) and rod (dark strip) structure with electric field (arrows) 
parallel to the surface, on a dielectric slab (gray structure)………………..20 
List Figures  
vi 
 
Figure 2.5.2: Complementary SRR (gray region) and its electric field pattern (arrows, 
perpendicular to the surface) on dielectric slab (white region)……….…...21 
 
Figure 2.5.3:  Simulated model of electric field pattern (arrows) of Metallic metamaterial 
(gray structure)…………………………………………...……….….21 
 
Figure 3.1.1:  Schematic of the metal film (black regions) and vacuum part (white regions), 
(A) with periodic slits (d, a, L are the periodicity, width of the slit and 
thickness of the metal film, respectively) and. (B) its equivalent effective 
dielectric slab model………………..……………………………….…….24 
 
Figure 3.2.1: Schematic of different regions of metal slit, without any external source, 
extended in the x-y plane (with period much less than the incident 
wavelength) are: (i) above the metal film, (ii) inside slit and (iii) below of 
the metal film…………………………………………….…………….….25 
 
Figure 3.3.1:   Graphical mode solution of equations (3.3.1) and (3.3.2), taking kx as the 
parameter……………………………...…………………………………..29  
 
Figure 3.3.2: Dispersion relation (analytical solution) of first three guided modes 
supported by metal slit for n= d/a = 4……………………………………..29 
 
Figure 3.4.1: Simulated FDTD model of a single period structure with periodic boundary 
conditions applied on left and right boundaries……………………….…..30 
 
Figure 3.4.2: Electric field contour (Ex) inside slit for, (a) first guided mode, (b) second 
guided mode and (c) third guided mode………………………….…….….31 
 
Figure 3.4.3: Dispersion characteristics of first three guided modes of metal slit with 
period d and slit width a……………………………………………….…..31 
 
Figure 3.5.1: Three-dimensional model of a metallic metamaterial structure (origin of 
coordinate system is considered at center of one slit and I, II and III refers 
to regions above the structure, inside the slit and below the structure, 
respectively)………..……………………………………………………..32 
 
Figure 3.6.1: Schematic view of unit cell of metamaterial structure (planes bounded by 
dotted lines are the boundaries of the solution volume, and planes are perfect 
absorbing boundaries except two periodic boundaries along y-z plane).…..35  
  
Figure 3.6.2:  Effect of structure transverse width on dispersion characteristics for first 
eigen mode (overlapping of curves represents that dispersion is independent 





List Figures  
vii 
 
Figure 3.7.1:  Variation of return loss with normalized frequency (d/) for polarization of 
the metal slit (red lines), effective anisotropic (green line) and isotropic 
(black dashed line) dielectric slab, keeping period and width of slit constant 
(Table-3.7.1)………..……………………………………………………..39 
 
Figure 3.7.2: Variation of return loss with normalized frequency (d/) for polarization-2, 
of the metal slit (red lines), effective anisotropic (green line) and isotropic 
(dotted line) dielectric, for fixed d and a…………………………………..39 
  
Figure 3.8.1:  Three-dimensional model of a metallic metamaterial structure with side 
wall………………………………………………………………………..42  
Figure 3.8.2:   Schematic view of unit cell of metamaterial structure with side wall...…..43 
Figure 3.8.3: Eigen frequency vs transverse width of structure with side wall (dotted line) 
and without side wall (solid line)………………………..…………….…..43 
 
Figure 3.8.4: Variation of electric field (Ex) without side wall of metal slit, (a) along y, (b) 
along x, and (c) along z, of the structure and shaded regions indicate the 
regions inside the slit……………………….………………………….….44 
 
Figure 3.8.5: Variation of electric field (Ex) with side wall of metal slit, (a) along y (b) 
along x and (c) along z, shaded regions indicate the regions inside the 
slit………...……………………………………………………………….45 
 
Figure 3.8.6  Comparison between simulated (solid line) and analytical (broken line) 
eigen modes with frequency, taking transverse widthas the parameter (solid 
line for simulated result and broken line for analytical result)…….……....46 
 
Figure 4.1.1:  Schematic view of cut-through metal slits (metallic metamaterial) with 
convection electron bunch…………………….…………………………..48 
 
Figure 4.2.1: Model to study the interaction between metallic metamaterial and electron. 
(The planes, bounded by dotted lines represent the perfect absorbing 
boundar ie s  of  so lu t ion  volume and,  a r e  f a r  f rom s t ruc ture 
surface)……………………........................................................................50 
 
Figure 4.2.2: Contour plot of Ex taken on z-x plane at y = 0, corresponding to velocity 0.5c, 
and the radiation angle obtained is 26.56° (The red color indicates the 
radiated wave-front inside structure……………………….………….…..50 
 
Figure 4.2.3: Comparison between radiation angles and effective dielectric media taking 
beam energy as the parameter (The threshold energy for Cerenkov radiation 
in an isotropic dielectric with refractive index 4 is 16.8keV and no energy 
threshold for metallic metamaterial and anisotropic dielectric)………..….52 
 
 
List Figures  
viii 
 
Figure 4.2.4: Contour plot of Ex corresponding to electron bunch energy 80keV in, (a) 
isotropic dielectric (refractive index 4), (b) metamaterial structure(d/a = 4) 
and (c) anisotropic dielectric(refractive index 4), along x (black arrows on 
each figure denote the moving bunch locations and all three structures 
radiations are observed by the electron bunch itself)…………….…….….53 
 
Figure 4.2.5: Contour plot of Ex (for electron bunch energy 10keV) in, (a) isotropic 
dielectric (refractive index 4), (b) metamaterial structure (d/a = 4), and (c) 
anisotropic dielectric (refractive index 4), along x direction and very high in 
other directions……………………………………………………………54 
 
Figure 4.2.6: Guided-mode dispersion characteristics of metallic metamaterial with a 
typical beam-mode dispersion line 𝛽(= 𝑣/𝑐) = 0.5, the shaded and white 
regions indicating the non-radiating and radiating regimes respectively…56 
 
Figure 4.2.7: Inside-slit and far-field (magnified 25 times) FFT spectrum of the 𝐸𝑥 field 
of metallic metamaterial with normalized frequency………………….…..56  
 
Figure 4.2.8: Effect of slab thickness on excited mode frequency keeping other parameters 
constant………………...…………………………………………………57 
 
Figure 4.3.1: Schemetic of slab-symmetric dielectric waveguide and electron bunch 
passes through along the axis (black parts are the metallic coating on 
dielectric slab)…………………………………………………………….60 
 
Figure 4.3.2: Schemetic of slab-symmetric metallic metamaterial waveguide and electron 
bunch when electron bunch passes through the axis of structure………….60 
 
Figure 4.3.3: Contour of axial wake field (Ex), on x-z plane, induced by electron bunch in 
(a) dielectric slab-symetric and (b) metallic metamaterial slab-symmetric 
waveguide…………………….…………………………………………..61 
 
Figure 4.3.4: Comparison of (a) longitudanal, (b) transverse (along ‘y’) wake potentials 
and (c) transverse (along ‘z’) wake potentials, for dielectric slab-symmetric 
and metamaterial slab-symmetic structures……………………………….63 
 
Figure 5.2.1:   Schematic view of one-dimensional lattice with lattice basis vector ?⃗⃗⃗?….66 
Figure 5.2.2:  Schematic view of reciprocal lattice and first Brillouin-zone of a one-
dimensional lattice with lattice vector ?⃗⃗⃗?. (𝐴 is the basis vector of reciprocal 
lattice)……..…………………………………………………………...….67 
 




List Figures  
ix 
 
Figure 5.3.1: (a) Two-dimensional view (on z-x plane) of the metamaterial structure 
(structure-I), (b) equivalent one-dimensional lattice, and (c) corresponding 
reciprocal lattice…………………………………………………………..69 
 
Figure 5.3.2: Dispersion diagram modes supported by the structure-I. Dashed lines 
indicate the dispersion and solid line indicates the vacuum light line…..…69 
 
Figure 5.3.3: (a) array of cut through slit with periodicity D (=4d) (structure-II), 
perforated on a perfect metal, (b) equivalent one-dimensional lattice, (c) 
corresponding reciprocal lattice and first Brillouin-zone………………….70 
 
Figure 5.3.4: Detail of superlattice based structure (a) structure-I, (b) structure-II and (c) 
superlattice formed by superimposing structure-II on structure-I……...….71 
 
Figure 5.3.5: (a) First Brillouin-zone of structure-I, (b) first Brillouin-zone of structure-II, 
(c) two overlapping Brillouin-zones of superlattice…………………….…71 
 
Figure 5.3.6: Dispersion diagram of modes supported by structure-I (dashed lines), folded 
mode (due to introduction of additional periodicity) (solid thick lines), 
vacuum light line (dotted line) and zone folding symmetry (vertical solid 
line)………………………...……………………………………………..72 
Figure 5.4.1: (a) Metallic metamaterial structure consisting of a one-dimensional array of 
periodic cut-through slits perforated on a metallic slab (structure-A) and, (b) 
the proposed metamaterial structure obtained by periodically modifying the 
thickness of structure-A so as to provide additional periodicity (structure-B) 
in proximity to a moving electron bunch……………………………….…73 
Figure 5.4.2: Guided-mode dispersion characteristics of structure-A, along with a typical 
beam-mode dispersion line (𝛽 = 0.5), the shaded and non-shaded regions 
indicating the non-radiating and radiating regimes, respectively. The first 
four lower dispersion intersecting points are represented by 1, 2, 3 and 4, 
respectively……………………………………………………………….75 
 
Figure 5.4.3: Guided mode dispersion and folded bands. The folded bands are shown in 
solid lines, with the vertical dotted line indicating zone-folding symmetry 
and with the points indicated by the arrows on the folded dispersion curve 
representing the points at which the momentums corresponding to points 2, 
3 and 4, respectively, are shifted due to band folding………………….…..75 
 
Figure5.4.4: Inside-slit and far-field (magnified 25 times) FFT spectrum of the 𝐸𝑥 of 
structure-B………………………………………………………………...76 
Figure 5.4.5:   𝐸𝑥 field pattern at the typical angular frequency (𝜔 = 2𝜋𝑐/𝑑) of 0.12 for 
structure-B showing fields radiated from the top and bottom surfaces…….76 
Figure 5.4.6: Metamaterial structure with additional period (a) D = 3d and (b) D = 2d..78 
 
 
List Figures  
x 
 
Figure 5.4.7: Guided mode dispersion and folded bands for structure with additional 
period D = 3d. The folded bands are shown in solid lines, with the vertical 
dotted line indicating zone-folding symmetry and with the points indicated 
by the arrows on the folded dispersion curve representing the points at which 
the momentums corresponding to points 2, 3 and 4, respectively, are shifted 
due to band-folding………………………………………………………..78 
 
Figure 5.4.8(a): Guided mode dispersion and folded bands for structure with additional 
period D = 2d. The folded bands are shown in solid lines, with the vertical 
dotted line indicating zone-folding symmetry and with the points indicated 
by the arrows on the folded dispersion curve representing the point at which 
the momentums corresponding to point 4, is shifted due to band-folding…79 
 
Figure 5.4.8(b): Inside-slit and far-field (magnified 25 times) FFT spectrum of the 𝐸𝑥 field 
of metamaterial structure with additional period D = 2d. No discernible 
peaks in far-field spectrum indicate that there is no out-coupling from 
structure…..…………………………………………………………….…79 
 
Figure 5.5.1: (a)Schematic of reflection metal grating along with moving electron bunch 
and (b) the variation of the radiation intensity of the reflection metal grating 
with the grating groove depth at an angular frequency (𝜔 = 2𝜋𝑐/𝑑) of 
0.12…………..……………………………………………………………82 
 
Figure 5.5.2:  Angular dependence of the far-field radiation of structure-B compared to 
that of the reflection grating (magnified 5 times) at an angular frequency 
(𝜔 = 2𝜋𝑐/𝑑) of 0.12, the measurement angle being the angle between the 




List Tables  
xi 
 
List of Tables 
 
Table 3.7.1: Three different structures with their respective material properties and 
direction of electric field (blue arrows) of incident waves.  The sketch of 
structures are not in scale, however the dimensions of all structure are 
identical in all the three directions…………..……….……………………38  
 
Table 3.7.2:  Electric field (Ex) contour at inside the dielectric slab (bounded by thin black 
line) and metal slit and outside the structure. Normal incidence and two 
types of polarizations are considered. The origin of the coordinate system is 
at the center of corresponding structures and electric field contours are 
shown on x-z plane (y=0)………………………………………………….40 
List of Symbols  
xii 
 
List of Symbols 
 
c : Light velocity in free space. 
n : Refractive index of medium. 
 : Cerenkov angle. 
 : Velocity ratio(c/v). 
d : Period of slit. 
a : Width of slit. 
L: Thickness of metal film. 
w : Transverse width of metallic metamaterial structure excluding the side-wall. 
 : Wave length. 
 : Angular frequency.  
Hy : ‘y’ component of magnetic field. 
Ex : ‘x’ component of electric field. 
rp : Reflection coefficient. 
p : Wave momentum along ‘z’. 
p : Diffraction order 
Gp : Quasi parallel momentum along the metal surface (along ‘x’). 
ky : Wave number along ‘y’ inside slit. 
tp : Transmission coefficient. 
f : Metal filling factor of metallic metamaterial. 
 : Isotropic electric permittivity. 
x : Permittivity in ‘x’. 
List of Symbols  
xiii 
 
y : Permittivity in ‘y’. 
z : Permittivity in ‘z’. 
o : Permittivity of an uni-axial crystal along ordinary axis. 
e : Permittivity of an uni-axial crystal along extraordinary axis. 
 : Isotropic magnetic permeability. 
x : Permeability in ‘x’. 
y : Permeability in ‘y’. 
z : Permeability in ‘z’. 
Am and Bm are constants. 
ωp: Plasma frequency. 
ωo: Resonant frequency. 
  : Damping factor related to material losses. 
ne: Density of bound electrons. 
me: Mass of the electron. 
e: Charge of electron. 
 







1.1 Cerenkov Radiation 
 
1.2 Issues in Cerenkov Radiation 
 
1.3 Motivation and Goal 
 










Chapter 1. Introduction 
2 
 
1.1 Cerenkov Radiation 
 
Cerenkov radiation [1], is an electromagnetic radiation, emitted when a charged particle, 
namely, an electron, passes through a dielectric medium at higher velocity than the phase 
velocity of light in that medium. Such a radiation possesses a unique angular and frequency 
spectrum [2]. The molecule of the medium is polarized by the moving charge particle and turn 
back quickly to their ground state, emitting radiation in the process. In free space, electron 
cannot travel faster than c, the speed of light in free space. However, light (which is an 
electromagnetic wave) can also propagate through both anisotropic and isotropic medium with 
a reduced velocity equal to c/n; where n is the refractive index of that medium. When a charged 
particle moves through a medium at a velocity higher than the velocity of light in that medium, 
a pour of photons is triggered inside the medium. These photons are in phase with each other 
and interfere constructively to form a coherent electromagnetic radiation, termed as Cerenkov 
radiation. The energy of this radiated electromagnetic wave (Cerenkov radiation) propagates 
only in the forward direction, forming a forward-pointing conical wave-front. The mechanism 
of Cerenkov radiation is shown in the figure 1.1.1. 
 
Figure 1.1.1: Schematic diagram of Cerenkov radiation: particle moving with velocity c and 
radiated wave-front moving with velocity c/n inside the medium at an angle   
with respect to the particle. (Courtesy: Wikipedia) 
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In this figure (figure 1.1.1), the red arrow represents movement of the particle with velocity 
𝑣𝑝 such that 
𝑐
𝑛
< 𝑣𝑝 < 𝑐, where 𝑐 is speed of light in vacuum, and 𝑛 is the refractive index 
of the medium. The initial location of the superluminal particle at some initial moment (t=0) 
is represented by ‘1’ and ‘2’ represents the location of particle at some later time t. The distance 
travelled by the particle in time t can be given as:  
                                    𝑥𝑝 = 𝑣𝑝𝑡 = 𝛽𝑐𝑡                 (1.1.1) 
whereas the emitted electromagnetic waves are constricted to travel the distance as: 
                                   𝑥𝑒𝑚 = 𝑣𝑒𝑚𝑡 =
𝑐
𝑛
𝑡        (1.1.2) 
From (1.1.1) and (1.1.2), one can get the angle between wave-front and particle as: 
                𝑐𝑜𝑠𝜃 =
1
𝑛𝛽
         (1.1.3) 
with 𝛽 = 𝑣𝑝/𝑐, the ratio between the velocity of the particle and the velocity of light. The 
emitted wave-fronts (blue arrows) travel at speed of 𝑣𝑒𝑚 = 𝑐/𝑛. Cerenkov radiation remain 
qualitatively unchanged even in the dispersive material [3-5], however, in simultaneously 
negative permittivity and permeability, commonly known as a negative-index material, the 
Cerenkov radiation travels in the opposite direction to the particle velocity [6-11]. Another 
possibility of Cerenkov radiation exists near a periodic structure, where simple Bragg 
scattering of light can give rise to radiation without any velocity threshold. This was first 
confirmed by Smith and Purcell [12] in early experiments with electrons traveling near the 
surface of a metallic grating and further this effect has been extended to near the surface of 
dielectric structures [13-14]. Cerenkov radiation has since been studied in one-dimensionally 
periodic multilayer stacks [15-16], and photonic crystal [17]. Cerenkov radiation is also used 
to map photonic band structure of 2D photonic crystals [18-19]. 
Cerenkov radiation is extensively used in particle detectors and counters. In addition to that 
Cerenkov radiation is also used to generate electromagnetic radiation at frequencies up to THz 
range [20]. Hollow dielectric tube coated on the outer surface with metal has been explored 
for converting electron beam energy into radiation since late 1940s [21]. There are several 
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theoretical and experimental works on particle accelerator (dielectric wakefield accelerator) 
[22-25] for particle acceleration and on Cerenkov free-electron laser (CFEL) [26] for 
generation of electromagnetic radiation at microwave or THz frequency region [27-28]. In 
1988, Garate et al. operated first CFEL at far-infrared wavelengths (375–1000m) and 
produced 10–200kW pulses in a self-amplified configuration [29]. Recently, A.M. Cook et al. 
[20] demonstrated that when a sufficiently short (rms bunch length  less than a radiation 
wavelength ) driving beam containing N electrons passes inside a hollow cylindrical 
dielectric tube coated on the outer surface with metal (dielectric-lined waveguide), tens of 
megawatts of peak power at frequencies well above 1THz is generated due to coherent 
Cerenkov radiation (CCR) [28], [30-32].  
Victor Veselago [33] first time examined the feasibility of medium with simultaneously 
negative permeability and negative permittivity and he concluded that inside such media the 
electric field intensity E, magnetic field intensity H and the wave vector k, form a left handed 
triplet [33]. Left handed properties of such materials result in a reverse Doppler shift and 
Cerenkov radiation. One phenomena of interest is, unlike the traditional, positive refractive 
index materials, in left-handed metamaterials (LHMs) with simultaneously negative 
permittivity and permeability, reversed Cerenkov radiation allowing the back-ward emitted 
wave [34] (figure 1.1.2) easily separable from the emitting particles and is useful for particle 
identification and counting. Many researchers have referred to Vesalago’s statement about the 
reversal of Cerenkov radiation both theoretically and experimentally. Yu. O. Averkov and V. 
M. Yakovenko [6] derived the mathematical solution for Cerenkov radiation in left-handed 
media in order to demonstrate existence of backward radiation. The first experimental 
demonstration of the reverse Cerenkov radiation using a beam of charged particles with 
metamaterials was carried out in a waveguide by S. Antipov et al. [35].  In this experiment 
they have observed the transmission peak in the left-handed band which is an indirect 
observation of the wakefield generation. Later backward Cerenkov radiation was observed in 
the left-handed band with the slotted waveguide surrounded with the LHMs [11]. In this 
experiment [11], they have used a dipole array (slotted waveguide) which has proven 
equivalence with the moving charged particle.  




Figure 1.1.2: Cerenkov radiation in, (a) right handed material (emitting particle and energy 
of emitted radiation move in same direction), (b) left-handed medium (emitting 
particle and emitted radiation move in opposite direction) [34]  
 
1.2 Issues in Cerenkov Radiation 
Modern electron accelerators are used to generate radiation in the THz spectral region, 
typically, 100GHz to 3THz [36]. Dielectric-lined waveguide structures [20] (hollow dielectric 
tube coated on outer surface by metal) (figure 1.2.1) are widely used to generate 
electromagnetic radiation from a relativistic electron beam. The CCR wakefields [28],[30-
32],[37-39] is generated when a relativistic electron bunch travels along the vacuum channel 
in the tube. The generated radiations are confined to a discrete set of modes arise due to 
waveguide boundaries [40]. However, as the frequency increases, dimension of the tube 
decreases and therefore it is very difficult to achieve practically (hollow tube) at THz 
frequencies.  




Figure 1.2.1: Cross-sectional view of beam-driven cylindrical dielectric-lined waveguide 
(color map illustrates longitudinal wakefield) [20]. 
In case of Cerenkov radiation, dielectric is used as a supporting medium and the radiation 
properties such as radiation angle and threshold energy of convection electron are determined 
by the dielectric properties. Therefore, selection of supporting medium is very much important 
for particular application. However, the choice of the appropriate supporting material for 
Cerenkov radiation is limited due to thermal issues [41], electron beam energy threshold [2] 
and dielectric breakdown at high RF field [41]. In addition to these, in the case of Wake field 
accelerators, electron bunch induced static field on dielectric diminishes the brightness of the 
accelerating bunches. As the frequency increases, supporting structure dimension decreases 
and therefore, large charge may not be accelerated as the structure does not store a large 
amount of energy per unit length. The transverse wakefield, which diminishes bunch 
brightness in cylindrical dielectric waveguide will be reduced in case of slab-symmetric 
wakefield accelerator [40-43] which needs very wide transverse dimension of the slab [42]. 
All negative index (Left-handed) metamaterials, in general are formed by the metals and 
dielectrics. So, their usages as supporting material for Cerenkov radiation are also limited due 
to dielectric breakdown strength at high-voltage and thermal issues [7]. Therefore, to 
overcome the above mentioned limitations, an alternative fashion is needed to tune the 
dielectric properties of the supporting materials. As metals are more robust against the 
dielectric breakdown and the thermal issues, they would be preferable over dielectric for this 
purpose.  
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1.3 Motivation and Goal  
 
In addition to simultaneously negative permeability and negative permittivity 
metamaterials, there is another class of metamaterials which has both positive permeability 
and permittivity. A metal film with a periodic arrangement of cut-through slits exhibits 
dielectric properties when the wavelength of incident electromagnetic wave is much greater 
than the period of the slit [44-46]. The effective refractive index of this type of metamaterial 
is frequency independent, positive, entirely controlled by the geometry of the metal films, and 
can be made arbitrarily large [46]. Because of all metal structure, this kind of structure is free 
from dielectric breakdown at higher voltages and due to higher thermal conductivity, this 
structure is capable of dissipating heat efficiently. Thus, due to these advantages, the metallic 
metamaterial structure could be a promising alternative to dielectric as a supporting medium 
for Cerenkov radiation. However, it needs to study the response of this metallic metamaterial 
to convection electron.  
Next, in case of wakefield accelerator, slab-symmetric dielectric structure provides better 
bunch brightness than cylindrical hollow dielectric structure. However, the slab-symmetric 
structure has several disadvantages, namely, low RF breakdown, poor thermal management 
and accumulation of static charge on dielectric surface, etc. Therefore, the potential of use of 
metallic metamaterial structure in wakefield accelerator needs to be thoroughly investigated. 
Furthermore, the finite thickness of the metallic metamaterial slab enforces the generated 
Cerenkov-like radiation such that it is resonantly excited in the structure at frequencies where 
the guided mode and the beam mode phase velocities are synchronous. While the Cerenkov 
radiation generated in ordinary dielectric slabs is usually coupled out from the edges of the 
structure [11-12], and this types of edge coupling may not be applicable to the metallic 
metamaterial. Therefore, to use this structure as an interaction structure of an electromagnetic 
radiation source, an efficient mechanism of out-coupling of the Cerenkov-like radiation is 
supposed to be established.  
The aim of this dissertation is to study the response of the metallic metamaterial when it is 
in close proximity to convection electron. Next, study the possibility of use of this metallic 
metamaterial as a supporting structure of a wakefield accelerators. Also, to find out the 
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difficulties in coupling out the radiation from structure and to develop suitable methods for 
coupling out the Cerenkov-like radiation from this structure.  
1.4 Organization of Thesis  
 
The dissertation is divided into 6 chapters. Overview of the Cerenkov radiation and related 
issues, objective and motivation behind this dissertation is presented in Chapter 1. Chapter 2 
briefs overview of the metamaterial including origin of negative electrical permittivity, 
negative magnetic permeability and description of simultaneous negative material. Detail 
properties of metallic metamaterial including dispersion and transmission of electromagnetic 
waves will be explained in Chapter 3. The dispersion of the electromagnetic wave inside 
metallic metamaterial is calculated analytically and solved numerically. Initially one-
dimensional structure has been considered for dispersion calculation (both analytically and 
numerically), and then three-dimensional structure has been considered and both results have 
been compared. Reflection spectrums of the metallic metamaterial and equivalent isotropic 
dielectric and anisotropic dielectric have also been calculated for TM polarized incident wave 
and compared. It has been found from the reflection spectrum that the behavior of the metallic 
metamaterial is similar to the anisotropic dielectrics and shown in Chapter 3. Chapter 4 focuses 
on the Cerenkov-like radiation in metallic metamaterial. It has been found that this 
metamaterial supports energy threshold free Cerenkov radiation and radiation angles, (𝑡𝑎𝑛𝜃 =
𝛽 = 𝑣𝑏𝑒𝑎𝑚/𝑐 ) in the metamaterial is similar to that of an effective anisotropic medium. It has 
also been shown in this chapter that, the finite thickness of the metamaterial slab enforces the 
generated Cerenkov-like radiation such that it is resonantly excited in the structure at 
frequencies where the guided-mode and the beam-mode phase velocities become synchronous. 
In addition, the potential use of the metallic metamaterial in wakefield accelerator has also 
been discussed. The electromagnetic radiation generated by Cerenkov-like radiation in 
metallic metamaterial is confined inside the metamaterial structure and not coupled out from 
the structure. However, to use this metamaterial structure as an electromagnetic radiation 
source, the generated electromagnetic radiation has to couple out. In Chapter 5, the out-
coupling mechanism of the generated electromagnetic radiation via Brillouin-zone-folding has 
been demonstrated. It has also been demonstrated that the electromagnetic radiation intensity 
of this metamaterial is much higher than that of the Smith-Purcell radiation intensity from a 
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metallic reflection grating. Finally, in Chapter 6, Summary of thesis along with future work 
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All the materials can be categorized in four groups according to their electromagnetic 
properties as shown in figure 2.1.1. The first quadrant (Region I) represents the right handed 
materials which include most of the dielectric materials having both positive permittivity and 
permeability. Region II embraced the materials whose have negative permittivity up to certain 
frequencies (below the plasma frequency) but positive permeability. All metals, ferroelectric 
materials, and doped semiconductors are in this group. Region IV is consists of some ferrite 
materials with negative permeability and positive permittivity. However, magnetic responses 
of these materials quickly fade away above microwave frequencies. In addition to those three 
groups of material, there are another group of materials fall in Region III having very 
interesting properties, that is, both negative permittivity and permeability. However, there is 
no existence of such materials in nature but artificially composed and known as metamaterials. 
Meta(beyond)materials [33] are artificially engineered material whose properties do not exist 
in nature and this type of materials can exhibit the properties of simultaneous negative 
permeability and permittivity. 
The electric permittivity (ε) and the magnetic permeability (µ) of any material depict the 
macroscopic response of that homogeneous material medium to the applied electric and 
magnetic fields. These are macroscopic parameters of any material which can be find out by 
calculating the time-averaged and spatially-averaged responses to the external field, averaged 
over sufficiently long times and sufficiently large spatial volumes. The electromagnetic field 
of the incident radiation does not resolve the meso-structures, but responds to the macroscopic 
resonances of the inhomogeneous materials where the inhomogeneities are on length-scales 
much smaller than a wavelength of the radiation but can be large compared with atomic or 
molecular length-scales. With this idea, a new class of material can be created. This new class 
of material (Metamaterial) can be characterized by macroscopic parameters such as ε and µ 
that define their response to applied electromagnetic fields, much like the homogeneous 
materials. Metamaterials are different from other structured photonic material i.e. photonic 
band-gap material [47],[48]. In case of photonic band-gap materials, the periodicity of the 
structure is of the order of the wavelength, and hence homogenization in this sense cannot be 
carried out. On the other hand, in the metamaterials the periodicity is far less than the 
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wavelength and all the properties mainly depend on the single cell (meta-atom) resonances.  
Both the ε and µ  of all causal materials are dispersive and in general complex functions of 
frequency because the polarizations in such media do not respond instantaneously to the 
applied fields but depend on the history of the applied fields. Near the resonance of the material 
oscillation, the response is in-phase and anti-phase with respect to the applied field at the 
frequencies below and above the resonance frequency, respectively. It can be possible to drive 




Figure 2.1.1: Classification of materials based on their dielectric and magnetic properties. 
The wavy lines represent propagating waves, and the axes set in quadrants 1 
and 3 show the right and left-handed nature of E, H and k vectors. The waves 
in quadrants 2 and 4 decay evanescently inside the materials, which is depicted 
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2.2 Electric and Magnetic Responses of Metamaterial  
 
2.2.1 Electric Response 
 
Material properties are derived from oscillation of electric or magnetic charges under 
influence of external electromagnetic field [50]. In classical electromagnetics, Drude-Lorentz 
model [5] is the most suitable method to describe the material properties of any material. Due 
to the symmetry of EM waves, the frequency-dependent permittivity and permeability can be 
given as [51]: 
 





                  (2.2.1.1) 
 













) is the plasma frequency, ωo is the resonant frequency,  is the damping 
factor related to material losses, ne is the total density of bound electrons (here it is assumed 
that all the electrons are bound with the same strength) and me is the mass of the electron. The 
subscripts e represents electric response. The plasma frequency for many metals lies in the 
ultraviolet frequency range and γ is small compared with ωp. However, at lower frequency 
where ω ∼ γ, the dissipation dominates all phenomena and it can be hardly claimed that the 
dielectric constant is an almost real and negative number. Therefore to obtain the real and 
negative permittivity at the microwave frequency range, the plasma frequency has to reduce 
up to the microwave frequency range.  
In 1996, Pendry et al. [52] have proposed one three-dimensional lattice of very thin metallic 
wires with wire radius r and periodicity d << (wave length of incident radiation) and the 
applied electric field is considered to be parallel to the wires, as schematically shown in 
figure.2.2.1. In such structure, the effective electron density is apparently reduced and effective 
mass of the electrons are increased. The effective electron number density is reduced because 
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the radiation cannot sense the individual wire structure but only the average charge density 
and the effective electron mass is increased because of the self-inductance of the wire structure 
and it is not easy to change the currents flowing in these wires. The difficulty to change the 
current in the wire appears as if the charge carriers, namely the electrons, have acquired a 
tremendously large mass. 
 
Figure 2.2.1: Schematic view of periodic wires (with radius r) arranged in a simple cubic 
lattice (with lattice constant d) [52]. 
 
2.2.2 Magnetic Response 
 
The magnetic activity in most materials tends to tail off at high frequencies of even a few 
GHz. Therefore, it is indeed a challenge to obtain magnetic activities at those frequencies. 
Split ring resonators (SRRs) (figure 2.2.2) are one of the basic structures to get artificial 
magnetism. The SRR is composed of two concentric split rings with the openings at the 
opposite directions and it can be considered as a L-C equivalent circuit having resonance 
frequency 𝜔𝑜 = √𝐿/𝐶 , where L and C denoting the geometric inductance and capacitance 
of the SRR [53] structure, respectively. Within a certain frequency range centered at 𝜔𝑜, a 
strong circulating current is induced on SRR when the magnetic flux threads through it. An 
effective magnetic moment is generated due to the strong induced current on SRR and the 
induced magnetic moment is either in phase or out of phase with respect to the external 
magnetic field. If the strength of the magnetic response is sufficiently strong, effective relative 
magnetic permeability 𝜇𝑒𝑓𝑓 with a negative value can be achieved.   
 




Figure 2.2.2: Schematic view of split ring resonators, with outer radius r and s is the 
separation between the two rings. A magnetic field penetrating the resonator 
induces a current (𝑗) and a magnetic moment (?⃗⃗⃗?) [49]. 
 
2.3 Negative Refractive Index Metamaterial 
 
In 2000, Smith [54] and his colleagues experimentally demonstrated for the first time that 
the metamaterials with a negative effective refractive index can be achieved in microwave 
frequency domain. They achieved metamaterials with a negative effective refractive index by 
overlapping two sets of meta-structures having both negative εeff and μeff in same frequency 
range [52-54]. The metamaterial with negative refractive index is a structure that consists of 
copper SRR and wire (figure 2.3.1). Then, in very next year, negative index of refraction is 
also verified by other group of researchers [55]. A considerable interest has been sparked in 
the field of electric metamaterials and the magnetic metamaterials, and consequently NIMs 
have been advanced from microwave frequencies to the visible region [56-58] within few years 
from the first experimental demonstration. The negative index at optical frequency is achieved 
by scaling down the structure size and taking cautious designs. However, it is shown in 
published literature [59] that to achieve magnetic resonance at optical frequencies, the size of 
SRRs has to be smaller than 100 nanometers, and the gaps should be less than 10 nanometers. 
This is very challenging to achieve and therefore, researchers were looking for other 
alternative to the combine structure of SRR and wires. Fishnet structure [60-62] is the most 
successful alternative to SRR and wire structure to achieve negative refractive index at optical 
frequency range. The Fishnet structure (figure 2.3.2) consists of layers of metal meshes 
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separated by dielectric spacers. In Fishnet structure, the paired strips that oriented to the 
electric field direction provide negative 𝜀𝑒𝑓𝑓  and other paired stripes that are parallel to 
magnetic field provide negative  𝜇𝑒𝑓𝑓 . This type of negative index material offers two 
important advantages: (1) the incident EM waves are normal to the fishnet sample surface for 
producing negative refractive index and (2) simplicity in designing and fabrication the fishnet 
structure. So far by using this Fishnet structure metamaterial, negative index of refraction is 









Figure 2.3.2: Schematic view of fishnet structure of negative index material in the visible 
region (yellow light) consisting of a dielectric layer (green color) between two 
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There are a lot of potential applications of metamaterial such as magnetic resonance 
imaging, novel microwave circuits and antennas at microwave frequency range [62-66]. In 
addition, Pendry has proposed a very unique application of negative index material, namely, 
perfect lens [67-68] (figure 2.3.3). In conventional optical systems, one cannot resolve two 
points separated by a distance less than /2n, where n is the refractive index of the ambient 
medium. The information of the object’s fine features is carried by the evanescent wave which 
decays exponentially in space before reaching the image plane. However, a flat slab of negative 
index material can work as a perfect lens to recover all the lost information [67]. The concept 
of perfect lens has been experimentally demonstrated at microwave, mid-infrared and optical 
frequencies with different designs [68-73]. In another experiment [69], a silver thin film is 
used to enhance the evanescent wave and sub-diffraction-limited imaging with one-sixth of 
the illumination wavelength is accomplished. Another, perhaps, most exciting application of 
metamaterial is optical cloaking [74-78]. The cloaking, based on transformation optics is 
accomplished by manipulating the paths traversed by light through a novel optical material. 
Metamaterials direct and control the propagation and transmission of specified parts of 
the light spectrum and demonstrate the potential to render an object seemingly invisible. 
Moreover, modulation and switching of the electromagnetic wave is possible by the tunable 
metamaterial. Hou-Tong Chen et al [79] have demonstrated that the modulation of THz 
transmission is possible using a tunable metamaterial. They have fabricated an array of gold 
electric resonator elements (the metamaterial) on a semiconductor substrate and inter-
connected all the resonant elements through conducting wires. A Schottky diode has been 
formed by the metamaterial array and the substrate. The substrate charge carrier density near 
the split gap has been controlled by the applied potential between the split ring resonator and 
the ohmic contact made on the substrate. Using this arrangement, the real  of the structure 
can be changed with applied potential and thus the THz transmission can be modulated.  In 
addition, the properties of metamaterial can be controlled by optical pumping [80-82].  
 





Figure 2.3.3: Pendry model of perfect lens, made from negative index flat slab material 
focusing all the light rays from a point source and amplifying to evanescent 
waves [64].  
 
2.4 Positive Refractive Index Metamaterial 
 
Metamaterials with negative index of refraction has been discussed in the preceding 
sections. Here, metamaterials with high positive index of refraction will be discussed to 
complete the spectrum of achievable refractive index. The wide spectrum of achievable 
refractive index material provides more design flexibility for transformation optics [75-77]. 
One-dimensional array of sub wavelength slits perforated on a perfect metal film offers 
frequency independent high refractive index as long as the period of slits is well less than the 
wavelength of incident waves [44],[46]. The refractive index of this system is entirely 
controlled by the geometrical parameters of the structure. In addition, a broadband, high-
refractive-index, three-dimensional metamaterial structure was theoretically investigated and 
this structure consists of a cubic array of isolated perfect electric conductor (PEC) objects and 
have either an octahedral (Oh) or a pyritohedral (Th) symmetry point group[45]. However, the 
proposed structure is not easy to be implemented. In 2011, Muhan Choi et al. [83] have 
demonstrated that a broadband, extremely high index of refraction can be realized from large-
area, free-standing, flexible terahertz metamaterials composed of strongly coupled unit cells. 
They have used a thin ‘I’-shaped metallic structure (figure 2.4.1) which can provide a pathway 
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to effectively reduce the diamagnetic effect, as a thin ‘I’-shaped patch has a small area 
subtended by the current loops. In this structure, the effective permittivity is increased 
drastically through strong capacitive coupling and reduced diamagnetic response and they 
reported a peak refractive index of 38.6 along with a low-frequency quasi-static value of over 
20 for single layer of such structure.   
 
Figure 2.4.1: Unit cell structure of the high-index metamaterial where a thin ‘I’-shaped 
metallic patch is symmetrically embedded in a dielectric material (E, H and k 
denote the electric field, magnetic field and propagation direction of the incident 
terahertz wave) [83].  
 
2.5 Selection of Metamaterial for Interaction with 
Electron Beam 
 
The metamaterials discussed preceding sections are typically consist of dielectrics and 
conductors or only conductors shaped in various geometries to couple the electric and 
magnetic field components of an incoming electromagnetic wave. The SRR and rod, typically, 
consists of dielectric and conductor, is a very common negative index metamaterial and it is 
resonant when the electric field of an electromagnetic wave is parallel to its surface (figure 
2.5.1). In this structure, a split ring resonator and strip are formed on two faces of a dielectric 
slab respectively. The electron beam which passes through the top of this structure will interact 
with the electric field. This kind of metamaterial has been used in the previous experiment 
[84]. However, due to dielectric content, this metamaterial structure also has some limitations 
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in view of heat dissipation and voltage breakdown. The complementary SRR (CSRR), a 
complementary structure to SRR, will resonant when it is excited by a wave with an electric 
field normal to the surface (figure 2.5.2). Although, this CSRR structure can be made by pure 
metal, however, this structure is not preferable for use to interact with electron. Since the 
electron beam has to passes through the small gaps between two rings to interact with the 
electric field supported by this structure and this is very difficult to achieve as the gaps are 
considerably less and discrete. The another metamaterial, a periodic cut-through slit perforated 
on a metal film(metallic metamaterial), which is a pure metallic structure and shows dielectric 
like response to an electromagnetic wave with electric field in the direction parallel to the 
surface of the metamaterial (figure 2.5.3 ). The metallic metamaterial, being a pure metallic 
structure is preferable for interaction with electron beam due to its better heat dissipation 
capability and very high breakdown strength and therefore, in this thesis, this type of 
metamaterial is considered for interaction with electron beam and discussed in successive 




Figure 2.5.1: SRR (dark gray ring) and rod (dark strip) structure with electric field (arrows) 












Figure 2.5.2: Complementary SRR (gray region) and its electric field pattern (arrows, 

























3.2 Dispersion Relation 
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During last two decades, exploration of sub-wavelength structures has been drawn a great 
interest to create artificial materials with unusual effective electromagnetic responses. High-
impedance surfaces used as a substrate of antenna [85-87], negative refractive index 
metamaterials [53-54],[88-89] effective surface plasmon behavior [90] on perfect metal 
surface with grating [91], effective bulk plasmon behavior in thin-wire structure[92-97], 
perfect metal film with a periodic arrangement of cut-through slits [98],[44],[46] etc., are the 
prominent examples of sub-wavelength structures. JT Shen et al [46] demonstrated that a 
frequency independent and arbitrarily high refractive index can be achieved with a metal film 
perforated with periodic cut-through slit (figure 3.1.1) when the periodicity (d) is in sub-
wavelength limit in the length scale. The effective refractive index of this system is entirely 
controlled by structure geometry and such a capability is potentially important for 
miniaturization of optical or electromagnetic devices and for improving resolution in imaging.  
Existence of sub wavelength propagation modes inside structure is the key to create the desired 



















Figure 3.1.1: Schematic of the metal film (black regions) and vacuum part (white regions), 
(A) with periodic slits (d, a, L are the periodicity, width of the slit and thickness 
of the metal film, respectively) and. (B) its equivalent effective dielectric slab 
model [46]. 
 
3.2 Dispersion Relation 
 
Due to existence of TEM mode and with the electric field along x direction inside the slit 
of width a, the structure permits perfect transmission of light through sub wavelength slit 
arrays (figure 3.2.1) [99-102]. Here, a TM polarization [103] of wave, namely, electric fields 
without y-direction component, a structure with infinitely extend transverse width (in ‘y’) and 
without any external source are considered to derive the dispersion relation.  




Figure 3.2.1: Schematic of different regions of metal slit, without any external source, 
extended in the x-y plane (with period much less than the incident wavelength) 
are: (i) above the metal film, (ii) inside slit and (iii) below of the metal film.  
 
For the sake of simplicity, the origin of the coordinate system is considered at the center of 
one slit. The propagating magnetic and electric field expressions at the region above of the 
metal slit (region I) can be written as:  
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𝑝=−∞ exp {𝑖𝛼𝑝 (−𝑍 −
𝐿
2
)} exp (𝑖𝐺𝑝𝑥)           (3.2.2) 
 
where first part of each equations represents the propagation along ‘z’ and second part 
represents the propagating along ‘x’ on metal slit surface. If the RF quantities vary as: 
exp𝑗(𝜔𝑡 − 𝛼𝑝𝑧), then 
𝜕
𝜕𝑡
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?⃗⃗?. Where rp is the reflection coefficient, 𝛼𝑝 = √𝑘
2 − 𝐺𝑝
2 is the momentum along 
‘z’ and Gp = kx + 2/p is the parallel quasi-momentum along the metal surface (along x). 
Unlike in region I, in region II, i.e. inside each slit, a standing wave is formed due to reflection 
at the end of the slit and the magnetic and electric field inside slit can be written as 
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Similar to region I, in region III fields are propagating in nature at region and the magnetic 
and electric field expressions can be written as: 
 
𝐻𝑦











𝑝=−∞ 𝑡𝑝 exp {𝑖𝛼𝑝 (𝑧 −
𝐿
2
)} exp (𝑖𝐺𝑝𝑥)     (3.2.6) 
 
where tp is transmission coefficient. 
Both the magnetic and the electric field are continuous at the interface of two medium when 
there is no charge and surface current on structure surface. The boundary conditions [104] can 
be written as follows 
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From boundary condition (A) and for even mode Bm =0 (because ‘sine’ is an odd function)  
 
 𝐴𝑚 cos (
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𝑝=−∞ exp(𝑖𝐺𝑝𝑥)      (3.2.7) 
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Integrating both sides about mth slit and dividing it with slit width (a) to obtain the average 
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exp(𝑖𝐺𝑝𝑚𝑑) 𝑠𝑖𝑛𝑐(𝐺𝑝𝑎/2)     (3.2.12) 
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Now from boundary condition (B) and for even modes 
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Multiplying equation (3.2.14) both sides by exp(−𝑖𝐺𝑝
′ 𝑥) and taking average over a period 
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If 𝐺𝑝 = 𝐺𝑝
′ , then equation (3.2.16) reduces to  
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)𝑔𝑝exp (−𝑖𝐺𝑝𝑚𝑑)𝐴𝑚              (3.2.20) 




Substituting the value of tp into equation (3.2.13), one can obtain 
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exp (𝑖𝐺𝑝𝑚𝑑)𝑔𝑝         (3.2.21) 




Then, solving equation (3.2.21) through (3.2.20), the dispersion relation for even modes can 







)                      (3.2.22) 
 







)                    (3.2.23) 
 
3.3 Graphical Mode Solution of Dispersion Relation 
 
Solving the simultaneous equations (3.2.22) (even modes) and (3.2.23) (odd modes) for the 
values of kx and  is difficult, because the equations are transcendental. But it is easy to find 
an approximate solution using a graphical technique [105]. This also provides valuable 





      (3.3.1) 
            𝑓2 = 𝑡𝑎𝑛 (
𝜔𝐿
2𝑐
)                     ( 3 . 3 . 2 ) 
 
The idea is to plot these equations on the same abscissa () (in unit 2c/d). The equation (3.3.1) 
is plotted by blue lines in figure 3.3.1 and equation (3.3.2) is plotted for different kx (in unit of 
2/d) (black lines). Each intersection of the curves corresponds to a mode. The coordinates of 
theses point give us the values of kx and . Dispersion relation has been solved using MATLAB 
[107] and first three modes are shown in figure 3.3.2. 






Figure 3.3.1: Graphical mode solution of equations (3.3.1) (black and gray lines) and (3.3.2) 




Figure 3.3.2: Dispersion relation (analytical solution) of first three guided modes supported 





























kx (in unit of 2/d)
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3.4 Numerical Simulation of Dispersion Relation 
 
The guided mode dispersion relation of the metal slit structure has also been solved using 
finite-difference frequency-domain (FDTD) method. In this calculation, the wave equation for 
Hz in the case of transverse-magnetic (TM) polarization has been solved. The computational 
domain consists of a single period of structure and periodic boundary condition has been 
applied on left and right boundaries as shown in figure 3.4.1. Others boundaries are set as 
perfect absorbing boundaries (PAB). In this simulation, a FDTD code CST [106] has been 
used. The structure with period d and thickness L is modeled in this FDTD code as a thick film 












Figure 3.4.1: Simulated FDTD model of a single period structure with periodic boundary 
conditions applied on left and right boundaries. 
 
The slits in the metallic film, irrespective of their narrow dimensions always support a 
propagating state which gives rise to a series of effective dielectric slab modes [98]. These 
modes follow the light line in vacuum at low frequency. The Ex-field distribution of the 
fundamental effective dielectric slab mode and the next two higher-order effective dielectric 
slab mode are shown in figure 3.4.2 where the maximum Ex-field are within the slits for all 
modes. 
The dispersion of guided modes of the structure is shown in the figure 3.4.3 where at large 
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determined by structure parameters. Figure 3.4.3 shows the comparison of dispersion of 
guided modes obtained from analytical calculation and those from numerical simulation and a 
close agreement is found.   
 
 
(a)      (b)       (c) 
Figure 3.4.2: Electric field contour (Ex) inside slit for, (a) first guided mode, (b) second 




Figure 3.4.3: Dispersion characteristics of first three guided modes of metal slit with period 
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3.5 Dispersion Relation of Metallic Metamaterial with 
Finite Transverse Width    
 
So far the considered metallic metamaterial structure is a one-dimensional structure with 
infinite dimension in transverse direction (in y) and vacuum (r =1) is the ambient dielectric 
medium in slits region. This kind of structure is very much difficult to realize due to its infinite 
transverse dimension. In practical structures, there should be finite dimension in all three 
directions as shown in figure 3.5.1. Therefore, the effect of finite transverse dimension of the 
considered structure on its dispersion has to be studied. For this purpose, the dispersion relation 
of metallic metamaterial structure having finite transverse dimension is derived as follows. 
Similarly, TM polarization [103] of wave, namely, electric fields without y-direction 
component and three different regions, (i) above the metal film, (ii) inside slit and (iii) below 




Figure 3.5.1: Three-dimensional model of a metallic metamaterial structure (origin of 
coordinate system is considered at center of one slit and I, II and III refers to the 




















𝑝=−∞ exp {(𝑖𝛼𝑝 (−𝑧 −
𝐿
2
)} exp (𝑖𝐺𝑝𝑥)     (3.5.1) 
𝐻𝑦
𝐼 = ∑ 𝑟𝑝
∞
𝑝=−∞ exp {𝑖 ∝𝑝 (−𝑍 −
𝐿
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𝑝=−∞ 𝑡𝑝 exp {𝑖𝛼𝑝 (𝑧 −
𝐿
2
)} exp (𝑖𝐺𝑝𝑥)     (3.5.5) 
𝐻𝑦





𝑝=−∞     ( 3 . 5 . 6 ) 
 
where, superscript I,II,III represent the regions I,II and III respectively and subscript x,y and z 
represent the x, y and z components of electric (E) and magnetic (H) fields. ky is the propagation 
constant along y direction inside slit. 
Similar to one-dimensional assumption, both the magnetic and the electric field are continuous 
at the interface of two mediums when there is no charge and surface current on structure 



















)                   (B1) 
 
From equation (3.3.3), (3.3.4), (3.3.5), (3.3.6), boundary conditions (A1) and (B1) and for 



















       (3.3.8) 
 
Integrating and dividing both sides by slit width about mth slit to average the magnetic field as 
in the previous case, one obtains 



















𝑑𝑥     (3.3.9) 
 








exp(𝑖𝐺𝑝𝑚𝑑) 𝑠𝑖𝑛𝑐(𝐺𝑝𝑎/2)     (3.3.10) 
 
Using similar process as in the case of one-dimension, the following equation is obtained. 
 









)𝑔𝑝exp (−𝑖𝐺𝑝𝑚𝑑)sin (𝑘𝑦𝑦)𝐴𝑚    (3.3.11) 
 
The even eigen mode dispersion is obtained by substituting equation (3.3.11) into (3.3.10) and 
rearranging. The even eigen mode dispersion is given by the following expression.  
 






)       (3.3.12) 
 
In similar manner the dispersion relation of odd eigen modes can be derived and it is given by 
the following expression.  
 






)                   ( 3 . 3 . 1 3 ) 
 
It may be noted that same dispersion relations are obtained for the two-dimensional and the 
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3.6 Numerical Simulation of Dispersion Relation 
Metallic Metamaterial with Finite Transverse 
Width 
 
The dispersion relation of metallic metamaterial with finite transverse width is also 
calculated numerically for different transverse dimensions (w). A unit cell of this metamaterial 
structure is modeled in a FDTD code [106] as a thick film of a perfect electric conductor (PEC) 
with cut-through slit on it (figure 3.6.1). In this model, periodic boundary condition is applied 
in x direction and other boundary is set as perfectly absorbing boundary (PAB). The dispersion 
relations of eigen modes of this structure is shown in figure 3.6.2 for different width (w) of the 
structure. The boundaries in y and z are taken as far from the structure to minimize the 
boundary effects. From figure 3.6.2 it is observed that the eigen mode dispersion of 
metamaterial structure is independent of the transverse width of this structure and this result 
supports the analytical formulation of the dispersion relation.  
 
 
Figure 3.6.1: Schematic view of unit cell of metamaterial structure (planes bounded by dotted 
lines are the boundaries of the solution volume, and planes are perfect absorbing 
boundaries except two periodic boundaries along y-z plane).   
 
 





Figure 3.6.2: Effect of structure transverse width on dispersion characteristics for first eigen 
mode (overlapping of curves represents that dispersion is independent of 
transverse width of the structure).  
 
3.7 Anisotropic Dielectric Behavior of Metallic 
Metamaterial  
 
In case of an array of cut-through slit perforated on metal film, the system can be accurately 
described using a simple, isotropic, nonmagnetic (µ=1) model when the slit width a is 
sufficiently narrow compared to the sub wavelength period d [44]. However, this isotropic 
model starts deviating from exact isotropic model when d/a ≤ 4 [44], and it behaves rather like 
an anisotropic dielectric. To verify the similarity of metal slit structure with anisotropic 
dielectric, reflection coefficient of an isotropic dielectric, an anisotropic dielectric and metal 
slit is studied for normally incident electromagnetic wave. Two types of polarization of the 
incident waves with electric field in x (polarization 1) and in y (polarization 2) direction are 
considered in this study. The structure parameter and polarization of incident waves on the 
structure is shown in table 3.7.1. The structure sketches are not in scale though thicknesses of 
all the structures are same. The structure thickness is L for all structures. For anisotropic 

























w=16mm Vacuum light line
analytical
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the anisotropic behavior of the dielectric. Magnetic permeability of both anisotropic and 
isotropic dielectric is set as 1 (same as nonmagnetic material) for all three directions. In case 
of metal slit, the magnetic permeability and electrical permittivity of slit is set equal to those 
of the free space.  
The reflection spectrum of metal slit (metallic metamaterial), isotropic dielectric and 
anisotropic dielectric, for normally incident wave with electric field in x direction, is shown in 
figure 3.7.1. This spectrum is calculated using the FDTD [106] simulation. The reflection 
coefficient becomes minimum (corresponds to maximum transmission) when kL= m, as 
expected from the Fabry-Perot [108] resonance condition in the slit. Here, k is the wave vector 
along propagation direction, L is thickness of slab and m is an integer. It is observed from 
figure 3.7.1 that for higher d/ the reflection spectrum of metal slit is deviated from that of the 
anisotropic and isotropic dielectric. As frequency increases (e.g. d/ increases), the effective 
medium assumption gradually fails resulting the deviation in reflection spectrum. However, at 
lower frequency, the effective medium assumption is well valid because of lower d/ and, 
therefore reflection spectrum of metal slit is remarkably matched with that of anisotropic 
dielectric and anisotropic dielectric. 
In contrary, in the case of incident wave with electric field in y direction, the reflection 
spectrum of metal slit and anisotropic dielectric are different from that of the isotropic 
dielectric. However, the reflection spectrum of metal slit and anisotropic dielectric are similar 
(figure 3.7.2).  
The anisotropic dielectric like behavior of the metal slit structure is also confirmed by the 
electric field distribution inside the three structures for normal incident waves of two different 
polarizations. As shown in table 2, inside isotropic dielectric, the electric field is present for 
both polarizations of incident wave at the frequencies where reflection coefficients are 
minimum. However, in the case of metal slit and anisotropic dielectric, the electric field is 
present inside the structures only for incident wave of polarization 1. For polarization 2, no 
electric field is present inside the anisotropic dielectric and metal slit. From these observations, 
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Table 3.7.1: Three different structures with their respective material properties and direction 
of electric field (blue arrows) of incident waves. The sketch of structures are not 





Polarization #1 (|| polarization) 
(incident E field in ‘x’) 
Polarization #2 
( polarization) 


























   















Figure 3.7.1: Variation of return loss with normalized frequency (d/) for polarization of the 
metal slit (red lines), effective anisotropic (green line) and isotropic (black 




Figure 3.7.2: Variation of return loss with normalized frequency (d/) for polarization-2, of   
the metal slit (red lines), effective anisotropic (green line) and isotropic (dotted 
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Table 3.7.2: Electric field (Ex) contour at inside the dielectric slab (bounded by thin black line) 
and metal slit and outside the structure. Normal incidence and two types of 
polarizations are considered. The origin of the coordinate system is at the center 
of corresponding structures and electric field contours are shown on x-z plane 
(y=0). 
 
Structure Polarization 1 
(|| polarization) 
(incident E field along ‘x’) 
Polarization 2 
( polarization) 
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3.8 Effect of Introduction of Side-Wall Boundaries in 
Metallic Metamaterial  
 
The metallic metamaterial structure, mentioned above is a two dimensional metal slit 
structure with infinite transverse (y) dimension and vacuum (r=1) is the ambient dielectric 
medium in the slits region. This structure is simmilar to an array of free-standing fringes. 
However, realization of this type of structure is very difficult. For practical realization of this 
structure, a suporting structure, which can support the fringes and maintain the periodicity of 
the fringes is required. The metal slit with metallic extrusion at one end (termed as metal slit 
with side wall) is very simple to realize (figure 3.8.1), however, introduction of sides wall may 
effect the dispersion of guided modes. Therefore, it is required to study the eigen modes 
suported by this structure. The dispersion of this structure is calculated numerically as well as 
using FDTD code [27]. A unit cell of this structre is modelded as a thick film of a perfect 
electric conductor (PEC) with cut-through slit on it (figure 3.8.2). In this model, periodic 
boundary condition is applied in x direction and other boundary is set as perfectly absorbing 
boundary (PAB). The boundaries in y and z are taken as far from structure to minimize the 
boundary effects. The eigen mode dispersion of two structures (with and without side wall) 
for different transverse width (w) of structure is shown in figure 3.8.3. It can be seen from the 
figure 3.8.3 that the first eigen mode frequency of the structure with side wall is similar with 
that of structure without side wall only when the width of the former structure is more than 2. 
The wavelength  corresponds to the eigen mode frequency for structure without side wall. 
The variation of eigen mode frequencies of both structure with transverse width of structure 
can be explained by a simple analytical expression of resonance frequency 𝑓 =
⌊(𝑢/𝑎)2 + (𝑜/𝑤)2 + (𝑞/𝐿)2⌋1/2 , where, u, o, and q are the number of half-wavelength 
variation inside the slit along x, y and z directions, respectively. Before calculating the 
resonance frequency for both cases, the electric field (Ex) inside the slit is analyzed for both 
structures. Figures 3.8.4(a)-3.8.4(c) show the field (Ex) variation along transverse width (along 
y), height (along z) and in axial direction (along x) of the metal slit structure without the side 
wall, respectively. In these plots, the shaded region indicates the region inside the slits. It is 
also cleared from these figures that electric field (Ex) has no variation along x and y directions, 
however, a half wavelength variation is observed along z direction. In case of metamaterial 
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with side wall, there is λ/4 variation of Ex in the y, no variation in x direction, (figure 3.8.5(a) 
and figure 3.8.5(b)), and there is a /2 variation of Ex in the z direction (figure 3.8.5(c)). This 
phenomena occurs because the electric field will have to satisfy the boundary conditions at the 
metal surface introduced at the end of the slit, i.e. the Ex field will have to be zero. It may be 
noted that in the metamaterial without side wall, the electric field Ex will not be zero at the end 
of the slit. Figure 3.8.5 shows the of variation of first eigen mode frequency of a metal slit 




Figure 3.8.1: Three-dimensional model of a metallic metamaterial structure with side wall.  
 
 





Figure 3.8.2: Schematic view of unit cell of metamaterial structure with side wall. 
 
  
Figure 3.8.3: Eigen frequency vs transverse width of structure with side wall (dotted line) and 
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Figure 3.8.4: Variation of electric field (Ex) without side wall of metal slit, (a) along y, (b) 
along x, and (c) along z, of the structure and shaded regions indicate the regions 
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Figure 3.8.5: Variation of electric field (Ex) with side wall of metal slit, (a) along y (b) along 
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Figure 3.8.6: Comparison between simulated (solid line) and analytical (broken line) eigen 
modes with frequency, taking transverse widthas the parameter (solid line for 
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4.2 Response of Metallic Metamaterial to Convection 
Electron  
 
4.3 Potential Use of Metamaterial in a Wake-Field 
Accelerator 
 
     4.3.1 Introduction 
      














Cerenkov radiation (CR) [1], an electromagnetic (EM) radiation, is occurred when a 
charged particle passes through a medium at a velocity larger than the speed of light in that 
medium. This radiation is usually generated in free-electron-lasers (FELs) and wakefield 
accelerators [2],[21],[109-111]. However the selection of appropriate material to support 
Cerenkov radiation is limited due to thermal issues [111] and dielectric breakdown [47]. In 
addition, there is a requirement of threshold energy of moving electron to generate CR and 
this threshold energy [2] is decided by the refractive index of supporting dielectric material. 
Therefore, some alternate strategies are needed to tune the dielectric properties of the 
supporting materials. Metallic metamaterials are preferred over their dielectric counterparts 
from the standpoint of thermal and breakdown issues. A class of metallic metamaterials 
consisting of a one-dimensional array of periodic cut-through sub wavelength slits perforated 
on a metallic slab (figure 4.1.1), is known to exhibit a positive dielectric response [46],[44-
45],[98]; study carried out here has demonstrated their potential as a promising platform to 
generate CR. In addition, such metamaterials allow the generation of CR without a kinetic 
energy threshold which is not observed in ordinary dielectrics. 
 
 
Figure  4.1.1: Schematic view of cut-through metal slits (metallic metamaterial) with   



















The particle-in-cell (PIC) code [106] is used to analyze a metallic metamaterial structure 
(figure 4.1.1) in close proximity to a moving electron bunch in x direction. The typical 
structure dimensions are:  𝑑/𝑎 = 4, L/𝑑 = 10 and w/𝑑 = 40, where d and a are the axial sub 
wavelength periodicity and the width of the slits, respectively. ℎ and 𝑤 are the thickness and 
the width of the metal slab, respectively. Using the parameters, and corresponding to the value 
of the simulated refractive index of the equivalent dielectric of the metallic metamaterial, one 
can get 𝑛 = 4 [46]. The boundaries of the sample is set as perfect absorbing boundary and a 
Gaussian electron bunch is modeled to pass above the structure with a pulse width of /d =1/4. 
The simulation model is shown in figure 4.2.1. The electron bunch accompanies EM fields 
inside slits as it travels down the structure, as depicted in figure 4.2.2, which forms a Cerenkov-
like radiation cone. However, its exact dependence on electron’s energy does not follow the 
one for normal isotropic dielectric medium, cos =1/n(), [2] where  is the angle formed 
by the particle velocity ?⃗?  and the wave vector of the CR. n() is the refractive index 
corresponding to the frequency, . However, propagation of radiated field occurs only in the 
vertical direction inside each slit with the velocity of light (c) and the electron bunch passes 
above the structure with the velocity c. The radiation angle in metallic metamaterials follow 
the relation, tan = vbeam/c =, similar to an effective anisotropic dielectric medium [112] as 
shown in figure 4.2.2.  
 
 





Figure 4.2.1: Model to study the interaction between metallic metamaterial and electron. (The 
planes, bounded by dotted lines represent the perfect absorbing boundaries of 






Figure 4.2.2: Contour plot of Ex taken on z-x plane at y = 0, corresponding to velocity 0.5c, 
and the radiation angle obtained is 26.56° (The red color indicates the radiated 
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Therefore, in contrast to the isotropic dielectric case, there is no velocity threshold in metallic 
metamaterials and its effective anisotropic dielectric medium [112] for CR. These 
phenomenon can be explained from the well-known kinematic relation for CR in anisotropic 
dielectric medium, 𝑐𝑜𝑠𝜃 = 1/𝑛𝑗(𝜔, ?⃗⃗?/𝑘) , where 𝑛𝑗(𝜔, ?⃗⃗?/𝑘) denotes the refractive index 
for ordinary and extraordinary-waves [2],[21]. If a wave travels inside a uniaxial crystal with 










                   (4.2.1) 
 
With uni-axial assumption  
    𝜀𝑥 =
𝑑
𝑎
= 𝜀𝑒                         (4.2.2) 
     𝜀𝑦 = ∞ = 𝜀𝑜             (4.2.3) 
            𝜇𝑧 = 𝑎/𝑑                           (4.2.4) 
𝜇𝑥 = 𝜇𝑦 = 𝜇 = isotropic permeability     (4.2.5) 
 
One can obtain from (4.2.1) through (4.2.2) to (4.2.5) as:  
    𝑛𝑒(𝜃) =
1
𝑠𝑖𝑛𝜃
                    (4.2.6) 
 
The kinematic relation for CR in anisotropic dielectric medium is  
 
           𝑐𝑜𝑠𝜃 =
1
𝑛𝑗(𝜔,?⃗⃗?/𝑘)𝛽
                      (4.2.7)    
 
Substituting the value of refractive index n from equation (4.2.6) into equation (4.2.7) then the 
kinametics relation for CR in anisotropic dielectric is obtained as 
 
        𝑡𝑎𝑛𝜃 = 𝛽                    (4.2.8) 
 
The energy of the electron bunch is varied to verify the well-known dependence of CR on 
particle’s velocity, such as, the angle of radiation cone. No radiation is generated for the 
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electron energy less than 16.8 keV when the refractive index of isotropic dielectric is equal to 




Figure 4.2.3: Comparison between radiation angles and effective dielectric media taking 
beam energy as the parameter (The threshold energy for Cerenkov radiation in 
an isotropic dielectric with refractive index 4 is 16.8keV and no energy 
threshold for metallic metamaterial and anisotropic dielectric). 
 
 
Moreover, the threshold free CR in metallic metamaterial with the radiated electric field 
inside the metal slit structure for different energy of electron has also been numerically 
analyzed. The radiated electric field contour obtained inside the metamaterial has been 
compared with those electric fields obtained inside of both anisotropic and isotropic dielectrics. 
In this study, the refractive index of isotropic dielectric is set as 4 in all directions. The value 
of refractive index of anisotropic dielectric is set to 4 along the electron moving direction 
whereas in other directions it is set to very high value to simulate anisotropic behavior. The 
dimensions of anisotropic dielectric, metallic metamaterial and isotropic dielectric are same in 
all three directions. 
The threshold energy to generate Cerenkov wakes in an isotropic dielectric with refractive 
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generates CR inside an isotropic dielectric (figure. 4.2.4(a)). CR is also generated in 
metamaterial and anisotropic dielectric by convection electron with energy more than 16.8keV 
(figure 4.2.4(b) and figure 4.2.4(c)), however, the angle of radiation is different from that in 
case of isotropic dielectric. When the electron energy is lower than the threshold, Cerenkov 
radiation will not be observed in the isotropic dielectric (figure 4.2.5(a)). However, in metallic 
metamaterial and anisotropic dielectrics Cerenkov-like radiation can still be observed even 












Figure 4.2.4: Contour plot of Ex corresponding to electron bunch energy 80keV in, (a) 
isotropic dielectric (refractive index 4), (b) metamaterial structure(d/a = 4) and 
(c) anisotropic dielectric(refractive index 4), along x (black arrows on each 
figure denote the moving bunch locations and all three structures radiations are 

















Figure 4.2.5: Contour plot of Ex (for electron bunch energy 10keV) in, (a) isotropic dielectric 
(refractive index 4), (b) metamaterial structure (d/a = 4), and (c) anisotropic 
dielectric (refractive index 4), along x direction and very high in other directions. 
 
As mentioned above, when an electron bunch passes near the surface of the metamaterial 
slab (figure 4.1.1), CR is generated, as can be appreciated by an anisotropic description of the 
metamaterial [44]. However, the finite thickness of the metamaterial slab enforces the 
generated CR such that it is resonantly excited in the structure at frequencies where the guided-
mode and the beam-mode phase velocities become synchronous. 
In order to appreciate the excitation of the guided modes by generated Cerenkov-like 
radiation, a metamaterial structure is modeled and analyzed using a numerical code for the 
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close proximity to a moving electron bunch in x direction with typical energy corresponding 
to normalized velocity of 𝛽(𝑣/𝑐) = 0.5. The behavior of the metamaterial structure with 
respect to the dispersion characteristics would correspond to the guided modes lying in the 
shaded region bounded by ±𝑐-light-line, referring to the non-radiating regime (figure 4.2.6). 
At these points of intersection between the electron beam-mode dispersion line and the guided-
mode dispersion characteristics [9] (figure 4.2.6), the fast Fourier transform (FFT) spectrum 
of metamaterial slab shows (figure 4.2.7), the amplitude peaks of the axial component of the 
electric field (𝐸𝑥) inside the slits. However, there were no such peaks typically beyond a 
limiting normalized frequency 𝜔(= 2𝜋𝑐/𝑑) = 0.32 . The absence of the peaks can be 
attributed to the Smith-Purcell diffraction radiation [16] from the metamaterial slab. In 
contrast, such a FFT response of metamaterial slab far from and transverse to the structure and 
the electron bunch exhibits no such discernible peaks below the limiting frequency (figure 
4.2.7). Moreover, the behavior of this metamaterial structure, below this limiting frequency 
with respect to the absence of energy radiating out of the structure, may also be correlated with 
the simulated electric field pattern that shows the confinement of the field on both the up and 
down surfaces of the metamaterial slab (figure 4.2.4(b)). In addition, there would be no power 
flow along the metal slab surface along x owing to the flatness of the guided-mode dispersion 
plot, which corresponds to the near-zero group velocity (𝜕𝜔/𝜕𝑘𝑥 → 0), 𝑘𝑥 being the wave-
vector (wave momentum) along x at the points of intersection between the guided-mode and 
the beam-mode dispersion plots (figure 4.2.6). 
 




Figure 4.2.6: Guided-mode dispersion characteristics of metallic metamaterial with a typical 
beam-mode dispersion line 𝛽(= 𝑣/𝑐) = 0.5, the shaded and white regions 




Figure 4.2.7: Inside-slit and far-field (magnified 25 times) FFT spectrum of the 𝐸𝑥 field of 
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Moreover, to verify the existence of the guided modes, the metamaterial slab thickness, L/d, 
is varied from 1 to 10 and the corresponding excited guided modes frequencies are plotted in 
figure 4.2.8. As the thickness increases, more resonantly excited states appear due to 
generation of higher order modes. Furthermore, the absence of resonances above the frequency 
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A wakefield accelerator is a device which employs large amplitude electric fields generated 
in the wake of an intense particle beam to accelerate other trailing charged particles to high 
energy [113]. The supporting medium to generate this wakefield from convection electron can 
be of that types which can support the propagation of slow waves (υφ< c). The prominent 
examples of such medium are plasma, dielectric-lined wave guide, or a standard disk-loaded 
linac structure. In addition, the accelerating beam axis may also be either collinear or parallel 
to the driving beam. The typical application considered for this type of linear accelerator is a 
future linear collider. There are two major advantages of wakefield accelerator over the 
conventional cavity based accelerator. The first advantage is that there is no need of any 
external RF drive source for wakefield accelerator and second one is in case of wakefield 
accelerator, a high field gradient can be achieved for acceleration [114-116].  
In the conventional dielectric wakefield accelerator, an electron bunch of high charge 
number (i.e. the ‘‘driving bunch’’) is injected into a dielectric-lined cylindrical waveguide 
[22],[25,[28] with a velocity greater than the phase velocity of RF in that dielectric medium. 
The wakefield with longitudanal electric fields is induced in dielectric-lined cylindrical 
waveguide by driving bunch because of Cerenkov radiation. The wakefield that fills the 
waveguide behind the driving bunch can be used to accelarate a ‘‘test’’ bunch of low charge 
number. The test bunch with low charge number will move in synchronism with the wake 
fields and can be accelarated if it is injected at a suitable interval after the driving 
bunch[22],[25,[28]. Though the cylindrical dielectric is able to produce large axial wakefiled 
and it is simple to fabricate, it has several limitations like high transverse wakefield which 
causes beam break-up instability [117], scaling at high frequency operation [25],[28], 
dielectric breakdown at high field [47] and generation of large static electric field [117]. The 
generation of large static electric field results in deflection of subsequent bunches leading to 
evantual loss of the beam [118]. 
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The use of planar structures for advanced accelerator applications has been discussed [42-
43],[118] by several research group. This type of electromagnetic structure may have 
advantages over the usual waveguide structure, in ease of external power coupling and lowered 
space-charge forces. In addition to that, more importantly, if the transverse dimension of 
structure is very large, the transverse wakefields associated with this class of structure are 
mitigated [42], [119] thus diminishing the beam breakup (BBU) instability [117] which 
typically limits the beam current in short-wavelength accelerators. However, this type of 
structure is also sufferers from energy threshold for radiation, dielectric breakdown, thermal 
issues and generation of static electric field. Therefore, it is desirable to find an alternative 
structure for wakefield accelarator to overcome these limitations. As metal has better thermal 
conductivity than that of dielectric and therefore former would be preferable to overcome two 
above mentioned limitations.  
4.3.2  Metallic Metamaterial Wakefield Accelarator 
 
The metallic metamaterial would be better alternative structure for wakefield accelarator 
because of pure metallic structure with tunable refractive index. This metamaterial supports 
energy threshold free Cerenkov radiation and it offers orbitarily high refractive index which is 
not available in nature. Because of these two above properties, this metamaterial supports low 
voltage operation of accelarator in addition to infinite or very high brekdown limit and zero or 
very low static field generation on structure. The typical application considered for this type 
of structure is a future linear wake field accelerator, and therefore particular attention is paid 
to such issues as higher accelerating longitudinal field gradient and lower transverse field 
gradient to improve single and multiple bunch stability. 
Two types of structures, one with two parallel slabs of dielectric separated by a small 
vacuum gap (figure 4.3.1) and other with two parallel slabs of metallic metamaterial (figure 
4.3.2), are analyzed for both longitudanal and transverse wake fields. The overall dimensions 
(both longitudanal and transverse) and vacuum gap dimensions are identical for all structures. 
The refractive index for both dielectric slab and metamaterial slab (n =d/a) is set as 2. The 
outer surfaces of the dielectric slabs are sheathed in a lossless conductor. Then a Gaussian 
electron bunch with charge 5exp-12C and pulse width  = 0.5d is allowed to pass though the 
center of the vacuum gap of two structures. Figure 4.3.3(a) and figure 4.3.3(b) show the wake 
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field generated by ‘driving charge’ in dielectric slab-symmetric and metamaterial slab-
symmetric structures.  
 
 
Figure 4.3.1: Schemetic of slab-symmetric dielectric waveguide and electron bunch passes 





Figure 4.3.2: Schemetic of slab-symmetric metallic metamaterial waveguide and electron 
bunch when electron bunch passes through the axis of structure. 







Figure 4.3.3: Contour of axial wake field (Ex), on x-z plane (y = 0), induced by electron bunch 
in (a) dielectric slab-symetric and (b) metallic metamaterial slab-symmetric 
waveguide.  
 
Next, the longitudanal and transverse wake potentials are analyzed for this two types of 
structures. The combined effect of the wakefields of a driving charge on a trailing test  
particle, as both particles pass through a structure, is usually of great interest than the details 
of the wakefields themselves. The integrated fields seen by a test particle, traveling along the 
same or parallel paths at a constant distance behind driving charges, are the longitudinal (Wx) 
and transverse (Wy and Wz) wake potentials [120-121]. The longitudinal and transverse 
momentum kick experienced by a test charge is poportional to the corresponding wake 
potential (∆P = -(eq/c)W). Therefore, in case of wakefield accelarator, higher longitudanal 
wake potential and and lower transverse wake potential are desirable. Figure 4.3.4(a), figure 
4.3.4(b) and 4.3.4(c) show the comparison of longitudinal (along x) and transverse wake 
potential (along y and z) for dielectric slab-symmetric and metamaterial slab-symmetric 







































































Figure 4.3.4: Comparison of (a) longitudanal, (b) transverse (along ‘y’) wake potentials and 
(c) transverse (along ‘z’) wake potentials, for dielectric slab-symmetric and 
metamaterial slab-symmetic structures. 
 
The wake potentials are calculated by integrating the electromagnetic force along the 
respective axes and the wake potentials are the energy variation induced by the wakefields of 
the lead particle on a unit charge test particle. It is observed from figures 4.3.4(a), 4.3.4(b) and 
4.3.4(c), that the longitudanal wake potential is higher in case of metallic metamaterial slab 
than that of the dielectric slab, and transverse wake potetential is lower in case of metamateial 
slab than that of the dielectric slab. Due to the three major advantages of metamaterial slab-
symmetric structure over its dielectric counter part, better heat dissipation capability, very high 
breakdown strength and energy threshold free operation, this structure would be better 
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Finite thickness of metallic metamaterial slab enforces the generated CR (discussed in 
preceding chapter) to excite resonantly in the structure at frequencies where both the guided-
mode and the beam-mode phase velocities are synchronous. The out-coupling from metallic 
metamaterial is limited by two reasons; 1) due to the behavior of metallic metamaterial 
structure with respect to dispersion characteristics correspond to the guided modes lying in the 
region bounded by ‘c’ line (c is the velocity of light), referring to the non-radiating regime. 2) 
There would not be any power flow in the axial direction along the slab surface due to flatness 
of the guided-mode dispersion plot, which corresponds to the near-zero group velocity 
(𝜕𝜔/𝜕𝑘𝑥 → 0), 𝑘𝑥  being the wave-vector (wave momentum) along axial direction at the 
points of intersection between the guided-mode and the beam-mode dispersion plots. 
Therefore, edge coupling [28], [25] of generated CR as in case of ordinary dielectric slabs, is 
not applicable to metallic metamaterial slab due to the near-zero group velocity of radiation in 
the axial direction. However, the out-coupling of Cerenkov-like radiation from the top and 
bottom surfaces of the structure in the transverse direction is possible by modifying the 
structure itself. This modification of structure stems from the well-known concept of the 
Brillouin-zone folding phenomenon in the superlattice-based photonic crystal, arising out of 
the reduction of the size of the first Brillouin-zone of the guided mode dispersion diagram, 
caused by the introduction of the additional periodicity due to the larger size of the unit cell 
and the reduced symmetry of the crystal [122-126]. 
Moreover, the intensity of the surface-coupled radiation by this mechanism shows an 
order-of-magnitude enhancement compared to that of ordinary Smith-Purcell radiation [127-
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5.2 Brillouin-Zone Folding Mechanism 
 
The concept of a Brillouin-zone, defined as a Wigner-Seitz primitive cell in the reciprocal 
lattice, was first developed by Léon Brillouin (1889-1969), [129-130]. The first Brillouin-zone 
is the smallest volume entirely enclosed by planes that are the perpendicular bisectors of the 
reciprocal lattice vectors drawn from the origin. There are also second, third, etc., Brillouin-
zones, corresponding to a sequence of disjoint regions at increasing distances from the origin, 
but these are used more rarely. As a result, the first Brillouin-zone is often called simply the 
Brillouin-zone.  
In this section construction mechanism of a one-dimensional lattice is discussed. The 
considered one-dimensional lattice with direct lattice translational vector 𝐽 = ?⃗⃗⃗?, where ?⃗⃗⃗? is 
the only basis vector of the direct lattice, is shown in figure 5.2.1. 
  
 
Figure 5.2.1: Schematic view of one-dimensional lattice with lattice basis vector ?⃗⃗⃗? 
 
Every crystal structure has two lattices associated with it, the crystal lattice and the 
reciprocal lattice [11]. The reciprocal lattice of a lattice (usually a Bravais lattice) is the lattice 
in which the Fourier transform of the spatial wave function of the original lattice (or direct 
lattice) is represented. This space is also known as momentum space or k-space, due to the 
relationship between the Pontryagin duals momentum and position. In case of one-dimensional 
crystal, if ?⃗⃗⃗? is the only basis vector of the real lattice, and 𝐴 is the only basis vector of the 
reciprocal lattice, then they are related as [130]: 
 
?⃗⃗⃗? ∙ 𝐴 = 2𝜋                    (5.2.1) 
 
The reciprocal lattice for a one-dimensional direct lattice is also a one-dimensional lattice as 
shown in figure 5.2.2. 
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The first Brillouin-zone of this one-dimensional lattice (figure 5.2.1) is specified by two 
normal that bisect 𝐴 on both sides of the origin at the points M and N (figure5.2.2) and it gives 
a vivid geometrical interpretation of the diffraction condition as giving by following equation 
 
2?⃗⃗? ∙ 𝐴 =  𝐴2       (5.2.2) 
So, 
                                    k = ±/m/,                         (5.2.3) 
where m/ is the lattice constant. 
Thus the Brillouin-zone of a one-dimensional linear lattice is specified by the two points k = 
±/m/ as shown in figure 5.2.2. 
 
 
Figure 5.2.2: Schematic view of reciprocal lattice and first Brillouin-zone of a one-
dimensional lattice with lattice vector ?⃗⃗⃗?. (𝐴 is the basis vector of reciprocal 
lattice). 
 
Superlattice is a periodic structure of two (or more) periodicity or layers of two (or more) 
materials. Kronig-Penney model is the most commonly used method to analyze the band 
structure of Superlattice based crystal. Here, the band structure of a one-dimensional 
superlattice based structure has been discussed. A superlattice (figure 5.2.3) based on one-
dimensional structure and is formed by superimposing another one-dimensional crystal with 
basis vector ?⃗? on the one-dimensional crystal with basis vector ?⃗⃗⃗? (figure 5.2.1). 
 
 




Figure 5.2.3: Schematic view of one-dimensional super-lattice. 
 
Now, the superlattice, consisting of materials with lattice constants m and b, has a 
superlattice period b (b>m ). Therefore, the first Brillouin-zone edge of such a superlattice is 
given by ±/b, indicating the larger unit cell results in a smaller Brillouin-zone. Therefore, k-
vectors which belong to the lattice with lattice constant m and lie between k = -/b, -/m/ and 
k = /m/, k = /b on k axis are translated into a domain lying between k = ±/b. In other words, 
Brillouin-zone of bulk material, ±/m are folded in to smaller zone with ±/b in a superlattice. 
As a result, many mini-bands are formed in super lattice. This is a typical feature of superlattice 
and is called Brillouin-zone folding effect. 
5.3 Brillouin-Zone Folding of Metallic Metamaterial  
 
A class of metallic metamaterials consisting of a one-dimensional array of periodic cut-
through sub wavelength slits perforated on a metallic slab (structure-I, figure 4.2.1), is a three-
dimensional structure with periodicity in one direction. This metamaterial structure can be 
regard as similar to a one-dimensional lattice structure with basis lattice vector 𝑑 and lattice 
constant d. Therefore, the first Brillouin-zone boundary of this structure is specified by the 
two points k = ±/d. Figure 5.3.1(a) shows the front-view (two-dimensional view on z-x plane) 
of the metamaterial structure shown in figure 4.2.1. From figure 5.3.1(a) it is clear that this 
metamaterial structure can be regards as one-dimensional lattice with lattice constant d and 
lattice vector 𝑑. Figure 5.3.1(b) and 5.3.1(c) represent the corresponding one-dimensional 
lattice and reciprocal lattice, respectively, along with first Brillouin-zone. The first Brillouin-
zone of this metamaterial structure is bounded by two normal bisectors of reciprocal lattice 
vector ?⃗⃗?, where ?⃗⃗? ∙ 𝑑 = 2𝜋, at two points M (k = /d) and N ( k = -/d).  
 








Figure 5.3.1: (a) Two-dimensional view (on z-x plane) of the metamaterial structure 
(structure-I), (b) equivalent one-dimensional lattice, and (c) corresponding 
reciprocal lattice. 
 
Since this metamaterial structure supports a number of modes, the band diagram or dispersion 
diagram (Energy-momentum or frequency-wavenumber) of this structure contains a number 
of bands in first Brillouin-zone and can be obtained by re-plotting figure 4.2.6 up to kx (= /d) 
=0.5 and shown in figure 5.3.2.  
 
 
Figure 5.3.2: Dispersion diagram modes supported by the structure-I. Dashed lines indicate 























kx (in unit of 2/d)
x 
z 
(a) (b) (c) (a) (a) 
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Then a similar array of cut through slit with periodicity D (=4d), perforated on a perfect 
metal film is considered (Structure-II). The front-view (two-dimensional view on z-x plane) of 
these structures, corresponding to one-dimensional lattice representation and reciprocal lattice 
along with first Brillouin-zone, are shown in figures 5.3.3(a) to 5.3.3 (c), respectively. The first 
Brillouin-zone of this structure is bounded by two normal bisectors of reciprocal lattice 








Figure 5.3.3: (a) array of cut through slit with periodicity D (=4d) (structure-II), perforated 
on a perfect metal, (b) equivalent one-dimensional lattice, (c) corresponding 
reciprocal lattice and first Brillouin-zone. 
 
It is to be noted that above two considered structures-I and structure-II are similar except 
their periodicity. Periodicity of structure-I is smaller than that of structure-II and therefore, the 
structure-II has smaller first Brillouin-zone than that of structure-I. However, if the structure-
II is superimposed on structure-I, then a bi-periodic structure which will have two periods in 
axial direction will be formed. This bi-periodic structure is similar to a superlattice-based 
lattice structure in which unit cell size is increased and symmetry is reduced due to introduction 
of additional periodicity and, hence, the size of the first Brillouin-zone is reduced [122-125].  
The reduction in size of first Brillouin-zone causes the Brillouin-zone folding. Figure 5.3.4 
shows the formation of superlattice by superimposing structure-II on structure-I. In this 
particular case, the period of structure-II is four times larger than that of structure-I, which is 
therefore likely to result in the folding of the guided modes at k = /D. The reciprocal lattice 
representation of structure-I and that of structure-II are shown in figures 5.3.5(a) and 5.3.5(b), 
x 
z 
(b) (c) (a) 
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respectively. The first Brillouin-zone of structure-I is bounded by k = ±/d (square hatch) and 
that of structure-II is bounded by k = ±/D (hatch). Figure5.3.5(c) shows the overlapping of 
two Brillouin-zone when superlattice is formed. As a consequence of different size of the 
structure-I Brillouin-zone and structure-II Brillouin-zone, k vectors lie outside the structure-II 
Brillouin-zone (hatch region) but within the Brillouin-zone of structure-I (square hatch region) 
are translated into structure-II Brillouin-zone. Thus, these points are folded back into structure-
II Brillouin-zone, which is smaller and lower symmetric. The dispersion diagram of modes 
supported by the structure-I, folded mode due to introduction of additional periodicity, vacuum 






Figure 5.3.4: Detail of superlattice based structure (a) structure-I, (b) structure-II and (c) 





Figure 5.3.5: (a) First Brillouin-zone of structure-I, (b) first Brillouin-zone of structure-II, (c) 
two overlapping Brillouin-zones of superlattice. 
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Figure 5.3.6: Dispersion diagram of modes supported by structure-I (dashed lines), folded 
mode (due to introduction of additional periodicity) (solid thick lines), vacuum 
light line (dotted line) and zone folding symmetry (vertical solid line). 
 
5.4 Out-coupling of Cerenkov-like Radiation via    
Brillouin-Zone Folding 
 
The finite thickness of the metamaterial slab enforces the generated Cerenkov-like 
radiation such that it is resonantly excited in the structure at frequencies where the guided-
mode and the beam-mode phase velocities become synchronous (preceding chapter). It has 
also been discussed in preceding chapter that the limitations of metallic metamaterial structure 
as shown in figure 5.4.1(a), in coupling out Cerenkov-like radiation from the top and bottom 
surfaces of the structure in the transverse direction and from the end of structure as well. The 
limitation in coupling out of Cerenkov-like radiation from the top and bottom surfaces of the 
structure in the transverse direction will be overcome in the proposed method, shown in figure 
5.4.1(b). It may be noted that the figure 5.4.1(a) and 5.4.1(b) depicts the three-dimensional 
views of both the structures I and II, respectively. The three-dimensional models of structure-
I and structure-II are now labeled as structure-A and structure-B. The out-coupling of 
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direction is accomplished by modifying structure-A (figure 5.4.1(a)) as: introducing a change 
in the metamaterial slab thickness between 𝐿 and 𝐿 + 𝑙 periodically at a regular interval of 
slits, typically, here the number is four, which consequently introduces an additional 
periodicity (𝐷 = 4𝑑) in the axial direction of the structure geometry as shown in figure 5.4.1(b) 
(structure-B). This suggestion stems from the well-known concept of the Brillouin-zone 
folding phenomenon in the superlattice-based photonic crystal arising out of the reduction of 
the size of the first Brillouin-zone of the guided-mode dispersion diagram caused by the 
introduction of the additional periodicity due to the larger size of the unit cell and the and the 
reduced symmetry of the crystal [122-125]. 
 
   
 
 
Figure 5.4.1: (a) Metallic metamaterial structure consisting of a one-dimensional array of 
periodic cut-through slits perforated on a metallic slab (structure-A) and, (b) the 
proposed metamaterial structure obtained by periodically modifying the 
thickness of structure-A so as to provide additional periodicity (structure-B) in 
proximity to a moving electron bunch. 
 
However, it is likely that some of these modes excited in structure-B would be driven into 
a reduced Brillouin-zone as compared to structure-A in view of the unit cell size along x of 
structure-B becoming D/d times larger than that of structure-A, which is therefore likely to 
result in the folding of the guided modes at 𝑘𝑥 = 𝜋/𝐷 [126]. Figure 5.4.3 shows the folded 
bands which are obtained by translating the guided bands of structure-A by an appropriate 
reciprocal lattice vector conforming to the Brillouin-zone folding effect [122-126],[131]. In 
the present context, the wave number (momentum) of each of the modes, lying on the positive 
side of the band-folding symmetry (𝑘𝑥 = 𝜋/𝐷) on the momentum (𝑘𝑥) scale [123],[131], is 
translated into negative side of the band-folding symmetry, with the guided-mode frequency 
(a) (b) 
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remaining unchanged as shown in figure 5.4.3. The amount of this translation is equal to the 
separation between the point of symmetry 𝑘𝑥 = 𝜋/𝐷 and the momentum of the guided mode. 
Typically, out of the first four guided modes of structure-B, excited by the electron bunch at 
the angular frequencies 𝜔(= 2𝜋𝑐/𝑑)of 0.05, 0.085, 0.12 and 0.145, respectively, the first 
excited modes at 𝜔(= 2𝜋𝑐/𝑑) = 0.05  remains in the unfolded regime. However, the 
remaining three remain in the folded regime with their respective momentums shifted towards 
band folding regime from the unfolded regime. Further, out of the three modes in the folded 
regime, one mode corresponding to ω = 0.085 is in the guided regime (𝑘𝑥 > 𝜔/𝑐 ), the 
remaining two modes corresponding to ω = 0.12 and 0.145 are within the light zone (𝑘𝑥 <
𝜔/𝑐 ), which exhibit far-field peaks in the FFT spectrum at these two frequencies 
corresponding to the far-field radiation from structure-II. The FFT spectrum (figure 5.4.4) 
shows, the amplitude peaks of the electric fields (Ex) inside the slit and at far from and 
transverse to this structure. The amplitude peaks in FFT spectrum of the Ex-field inside the slit 
indicate the excitation of guided modes and the amplitude peaks in FFT spectrum of the Ex-
field at far from and transverse to this structure designate the out-coupling from structure. The 
phenomenon of the coupling out of radiation can also be appreciated from the Ex-field pattern 









Figure 5.4.2: Guided-mode dispersion characteristics of structure-A, along with a typical 
beam-mode dispersion line ( β = 0.5 ), the shaded and non-shaded regions 
indicating the non-radiating and radiating regimes, respectively. The first four 
lower dispersion intersecting points are represented by 1, 2, 3 and 4, respectively. 
 
 
Figure 5.4.3: Guided mode dispersion and folded bands. The folded bands are shown in solid 
lines, with the vertical dotted line indicating zone-folding symmetry and with 
the points indicated by the arrows on the folded dispersion curve representing 
the points at which the momentums corresponding to points 2, 3 and 4, 








































































Figure 5.4.5: 𝐸𝑥  field pattern at the typical angular frequency (𝜔 = 2𝜋𝑐/𝑑) of 0.12 for 





Chapter 5. Out-Coupling of Cerenkov-like Radiation via Brillouin-Zone Folding 
77 
 
As discuss above, coupling out of Cerenkov-like radiation from the top and bottom surfaces 
of the structure in the transverse direction is accomplished via Brillouin-zone folding. There 
are a number of modes with different frequencies are excited in the metamaterial structure due 
to the finite thickness of the structure. Some modes of metamaterial are folded from non-
radiating region to radiation region of dispersion diagram and coupled out from structure in 
transverse direction when an additional periodicity is added to the structure. Therefore, it is 
desirable to study the effect of additional period on the coupled out modes. To study this, 
addition to above structure (figure 5.4.1(b)) two more structures, one with additional period D 
=3d (figure 5.4.6 (a)) and other with additional period D = 2d (figure 5.4.6(b)) are studied.  
In case of structure with additional period D =3d, the band folding occurs at point kx = /3d 
i.e. kx = 0.16 (in unit of 2/d) on abscissa of the plot shown in figure 5.4.7. It is observed from 
this figure that three excited modes are folded and out of these three modes one is remain in 
non-radiating zone of the dispersion diagram. Therefore, only two modes are coupled out from 
structure and the property of this structure in view of out-coupling is similar to that of 
structure-B. The FFT spectrum (figure 5.4.4) shows, in general, the amplitude peaks of the 
electric field (Ex ) inside the slit and at far from and transverse to this structure. The amplitude 
peaks in FFT spectrum of the Ex-field at far from and transverse to this structure designate the 
out-coupling from structure.   
On the other hand, in case of structure with additional period D =2d, the band folding occurs 
at point kx = /2d = 0.25 (in unit of 2/d) on abscissa of the plot shown in figure 5.4.8(a), 
where only one mode (fourth mode) is folded and three others modes are remain unfolded. 
However, this folded mode is also remain in the non-radiating region of the dispersion diagram 
and therefore, no modes will be out-coupled. Figure 5.4.8(b) depicts that the FFT spectrum of 
the Ex-field inside the slit and at far from and transverse to the structure. There are no 
discernible peaks in the FFT spectrum of the Ex-field at far from and transverse to the structure 













Figure 5.4.6: Metamaterial structure with additional period (a) D = 3d and (b) D = 2d. 
 
 
Figure 5.4.7: Guided mode dispersion and folded bands for structure with additional period 
D = 3d. The folded bands are shown in solid lines, with the vertical dotted line 
indicating zone-folding symmetry and with the points indicated by the arrows 
on the folded dispersion curve representing the points at which the momentums 







































Figure 5.4.8(a): Guided mode dispersion and folded bands for structure with additional 
period D = 2d. The folded bands are shown in solid lines, with the vertical 
dotted line indicating zone-folding symmetry and with the points indicated 
by the arrows on the folded dispersion curve representing the point at which 




Figure 5.4.8(b): Inside-slit and far-field (magnified 25 times) FFT spectrum of the 𝐸𝑥 field 
of metamaterial structure with additional period D = 2d. No discernible 
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5.5 Metallic Metamaterial as an Interaction Structure 
of a High-Frequency Electromagnetic Wave 
Generator 
 
During last two decades attention has been paid for developing intense, tunable sources in 
the far-infrared, or THz regions, for applications in fields of biology, chemistry, and material 
science. Linear electron-beam driven vacuum sources such as backward-wave oscillators 
(BWO), extended interaction oscillators (EIO) and travelling wave tube(TWT), etc. provide a 
promising way to fulfill the need of THz sources for above applications. However, in such 
devices, require threshold current density is increased with their operating frequency. In 
addition to that, as operating frequency increases, the dimension of structure decreases and 
practical realization of these devices become more difficult due to limitation in fabrication 
techniques. The performances can be improved by using higher harmonic radiations and or by 
using simple structuredevices consisting of a metal grating and electron beam, which have 
been widely proposed for very high frequency sources because of their fabrication simplicity. 
It is well-known that in an open diffraction grating, incoherent spontaneous Smith-Purcell (SP) 
radiation [127],[132-135] is created as an electron is passing close over the grating. The 
coherent radiation sources called SP free-electron lasers had been developed based on such 
phenomenon together with the continuous electron beam [136-137]. However, the radiation 
intensity from SP radiation based devices is low.  
The proposed modified metamaterial structure (structure-B) (figure 5.4.1 (b)) is similar to 
some extent to the metallic grating and therefore the performance of structure-B in terms of 
radiation intensity has been compared to that of reflection metal grating. Hence, both the 
structures in close proximity to a moving electron bunch of typical energy corresponding to 
normalized axial velocity 𝛽(= 𝑣/𝑐) = 0.5 are considered. The radiation intensity, measured 
in terms of the square of the amplitude of the axial electric field, from structure-B has been 
compared to that from a reflection metallic grating [138] under identical conditions. Figure 
5.5.1(a) depicts the schematic of the reflection metal grating along with the electron bunch. 
The width (w) of reflection metal grating is identical with the width of structure-B and the 
axial periodicity (D) is also identical with the additional period (D) of structure-B. The groove 
depth of reflection metallic grating is optimize to a value of H = 0.44D, as indicated in the 
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figure 5.5.1(b), at an angular frequency 𝜔(= 2𝜋𝑐/𝑑) = 0.12 , for the maximum Smith-
Purcell radiation intensity in a direction normal to the grating surface. At this frequency, 
structure-B also shows the far-field peak as shown in figure 5.4.4. Figure 5.5.2 shows the 
comparison of radiation intensity of structure-B with that of reflection grating. It is clearly 
seen from figure 5.5.2 that the proposed structure-B is superior to the reflection metallic 
grating in term of the intensity of the radiation. This enhanced radiation capability of structure-
B, in comparison with the reflection grating, can be attributed to the phenomenon of coupling 
of Cerenkov radiation generated via Brillouin-zone band folding in structure-B, which is 
absent in the reflection metallic grating where the surface electromagnetic waves supported 
by a grating are known to be excited by the moving electron bunch, and, which, however, 



























Figure 5.5.1: (a) Schematic of reflection metal grating along with moving electron bunch         
and (b) the variation of the radiation intensity of the reflection metal grating 
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Figure 5.5.2: Angular dependence of the far-field radiation of structure-B compared to that 
of the reflection grating (magnified 5 times) at an angular frequency (𝜔 =
2𝜋𝑐/𝑑) of 0.12, the measurement angle being the angle between the direction 
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6.2 Summary of the Thesis 
 



















A positive dielectric response can be achievable from a slab made of a perfect conductor 
when a one-dimensional array of slits is drilled into the film. It has been shown that in the 
effective medium limit (wave-length () is much larger than the period of the array (d)), the 
dielectric response of the system, is dictated by the ratio between period of the array (d) and 
the width of the slit (a). 
The thesis has demonstrated thorough theoretical investigation that such metallic 
metamaterial supports threshold-free Cerenkov radiation similar to anisotropic dielectric. 
Moreover, its application for a metallic metamaterial based slab-symmetric wakefield 
accelerator has also been presented. Finally, an innovative approach to couple out the CR from 
the metamaterial slab through “Brillouin-zone folding” has been presented.  
6.2 Summary of the Thesis 
 
First chapter of the thesis is the introduction briefing the concepts of Cerenkov radiation, 
their applications and limitations in selecting supporting medium to obtain Cerenkov radiation. 
At the end of this chapter, the objective of thesis has been described. A brief review of different 
types (both negative index and positive index) of metamaterial up to optical frequency has 
presented in Chapter 2. Also in this chapter, selection of metamaterial, namely, metallic 
metamaterial, for efficient interaction with electron beam and their merits and demerits over 
other metamaterial have been presented. 
The metallic metamaterial structure, reported elsewhere, is a two dimensional structure 
having infinite extend transverse dimension, which shows positive dielectric response. The 
refractive index of this structure can be controlled by the structure parameters themselves. 
However, this kind of structure is very difficult to realize. Therefore, this structure should have 
a finite dimension in transverse direction. In Chapter 3, it has been shown that the transverse 
dimension doesn’t affect the structure dispersion. In addition, it has also been shown that the 
introduction of side-wall boundaries in a metallic metamaterial has no effect on frequencies of 
guided modes, if the width (w) is greater than the twice of the wavelength corresponding to 
the frequencies of guided modes. These two studies will help one to realize the practical 
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structure (metallic metamaterial). Moreover, the anisotropic dielectric behavior of this metallic 
metamaterial has also been confirmed by comparing the reflection spectrum of metallic 
metamaterial, anisotropic dielectric and isotropic dielectric for two different (TE and TM) 
polarization of incident electromagnetic waves. 
This metallic metamaterial (Chapter 3) has been studied in presence of a convection 
electron bunch and is presented in Chapter 4. Here, a three-dimensional structure of this 
metamaterial has been considered. The theoretical studies carried out here, reveal a Cerenkov-
like waves which is generated inside the structure when an electron passes near to its surface 
and the radiation angles (tan = vbeam/c = ) in metallic metamaterial is similar with that for 
an effective anisotropic medium. In contrast to the isotropic dielectric case, there is no velocity 
threshold was found in metallic metamaterial. It has also been shown in this chapter that the 
finite thickness of the metamaterial slab enforces the generated Cerenkov-like radiation to 
excite resonantly in the structure at frequencies where the guided-mode and the beam-mode 
phase velocities become synchronous. 
Previous studies reveal that the transverse wake potential is diminished in case of dielectric 
slab-symmetric wakefield accelerator. The transverse wake-potential limits the accelerated 
electron bunch quality, namely, bunch “brightness” and, therefore, it is desirable to minimize 
the transverse wake-potential. The performance, in view of longitudinal and transverse wake 
potential of metamaterial slab-symmetric wakefield accelerator has been presented in Chapter 
4. Studies show that the transverse wake potential is even lower than that of an isotropic 
dielectric slab-symmetric structure. Simultaneously, the longitudinal wake-potential of 
metamaterial slab-symmetric structure is higher than that of isotropic dielectric slab-
symmetric structure. Therefore, it is proposed that the metallic metamaterial slab-symmetric 
structure would be a better alternative to dielectric slab-symmetric structure due to its higher 
longitudanal wake-potential and lower transverse wake-potential. In addition, being a metal 
structure, the metallic metamaterial structure is good for better thermal management and has 
nearly no static charge accumulation.  
Finite thickness of metamaterial slab enforces the generated Cerenkov-like radiation to 
excite resonantly in the structure at the frequencies where the guided-mode and the beam-
mode phase velocities are synchronous (Chapter 4). The edge coupling of radiation, as in an 
ordinary dielectric, is not applicable to metallic metamaterial due to “almost” zero group 
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velocity of radiation in axial direction. In addition, the excited guided modes are bounded by 
vacuum light lines, hence, these modes are not radiated from this metallic metamaterial 
structure in transverse direction. The out-coupling mechanism, popularly known as Brillouin-
Zone Folding (BZF), of generated Cerenkov-like radiation has been discussed in Chapter 5. 
The BZF for the metallic metamaterial structure is obtained by introducing additional 
periodicity to the structure. The magnitude of the intensity of the surface-coupled radiation, 
obtained by this mechanism, enhanced by an order than those obtained from Smith-Purcell 
radiation. For every frequency source, devices consisting of a metal grating and electron beam 
have widely been proposed, compared to backward-wave oscillators (BWO), extended 
interaction oscillators (EIO) and travelling wave tube (TWT), etc., due to their low current 
density and fabrication simplicity. The modified metamaterial structure is similar to those 
simple grating structure and also capable of providing higher radiation intensity. Therefore, 
the proposed metamaterial structure is a suitable choice as an electromagnetic generator at 
high frequency. 
6.3 Scope for Future Work 
In this dissertation, detail analysis for dispersion relation under cold condition has been 
presented, that is, analysis has been carried out in absence of electron beam. The analysis can 
further be extended rigorously for hot condition, that is, in presence of electron beam. The 
analysis, in presence of electron beam is quite tedious and rigorous and also has more practical 
relevance, namely, in traveling-wave tubes, prediction of electromagnetic signal gain and loss 
in metamaterial structure under study, etc. 
Moreover, in this analysis a perfect electric conductor has been considered as the material 
of the metamaterial. Hence, one may further extend this work to study the effect of electron 
beam interaction on the effective structure parameters, such as, electrical permittivity, 
refractive index, etc. when real metal is considered as material for the metamaterial structure. 
The theoretical results presented in this thesis are not validated experimentally due to certain 
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체렌코프(Cerenkov) 방사는 입자검출, 입자 수 측정, 입자가속 그리고 테라헤르츠 주파수
대역까지의 전자기파 생성에 광범위하게 이용된다. 대류전자 빔(움직이는 전자뭉치)으로부
터 체렌코프 방사를 얻기 위해 절연물질이 전반적으로 사용된다. 하지만 열적문제, 전자빔 
문턱 에너지 및 높은 RF 전기장에 의한 정전파괴로 인해 이러한 목적을 위해 사용될 물질
의 선택에 제한이 있다. 주기적으로 슬릿이 뚫려있는 금속메타물질은 절연물질의 특성을 지
니고 있기 때문에, 체렌코프 방사를 위한 유망한 대체물질이 될 수 있다. 
이러한 특성으로 인해 움직이는 전자뭉치가 금속메타물질 주변을 지나갈 때의 반응을 해
석하고자 하였다. 본문에 기재된 이론적 연구는 대류전자뭉치가 메타물질표면 근처에 존재
할 때 체렌코프 방사와 유사한 방사가 가능하다는 것을 밝히고 있다. 또한 이 금속메타물질
에서의 방사특성을 결정하는 방사각도 및 문턱 전자에너지가 이방성(anisotropic, 異方性) 절
연물질에서의 것들과 유사함이 발견되었다. 하지만 메타물질 평판의 유한한 두께로 인해 메
타물질 내에서 체렌코프 방사가 평판진행방향의 도파모드(guided-mode)와 전자빔모드의 위
상속도가 일치되는 주파수에서 공명적으로 발진된다. 금속메타물질의 경우 평판진행방향으
로의 군속도가 “거의” 영(0)에 가깝기 때문에 기존 절연물질에서의 모서리 방사결합
(coupling) 방법은 사용될 수 없다. 
한편 "금속메타물질 대칭평판 웨이크필드(wakefield) 가속기”에 대한 연구가 이루어져 왔
는데, 이 연구에 따르면 기존 절연물질 대칭평판구조에서의 종 방향 웨이크포텐셜
(longitudinal wave potential)보다 높은 값이 관측되었다. 그리고 횡 방향 웨이크포텐셜
(transverse wave potential)은 기존 절연물질 대칭평판구조 보다 낮다는 것 또한 발견되었다. 
게다가 구조 전체가 금속으로 이루어져 있기 때문에, 금속메타물질구조는 기존 절연물질보
다 높은 열 방출 능력 및 표면에서의 낮은 정전하 축적과 같은 몇 가지 이점을 지니고 있다.
그러므로 본문에서 제안하는 메타물질 대칭평판 구조는 웨이크필드 가속기 응용으로 기존 
절연물질 대칭평판 구조 보다 더 나은 선택이 될 수 있다. 
더 나아가, 여기서 제안된 메타물질 평판구조에서의 체렌코프 방사 결합을 위해, 기존 모
서리에서의 방사결합과는 달리, “브릴루앙영역 접힘(Brillouin-zone folding) 현상”이라는 혁신
적인 방법을 통하여 구조 표면에서의 방사결합이 가능하도록 하였다. 본 연구에서는 메타물




접히도록 설계되도록 제안하였다. 본 연구에서 제안된 메커니즘(mechanism)으로 이루어지
는 메타물질 표면에서의 방사결합의 세기(intensity)가 기존 Smith-Purcell 방사의 세기보다 
한 자릿수 이상 향상됨이 발견 되었다. 핵심단어: 체렌코프 방사, 금속메타물질, 브릴루앙영
역 접힘 현상, 웨이크필드 가속기
